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” Tur analytical treatment of solid gnd 
braced arches is vy comple, and doas 
not admit of th same generplity in tity 
deductitys as the graphical method. It 
‘is hoped that the latter, as now pre 
sented, will be found simple and /précti- 
cal, at least to the student of Graphical 
Statics, and may aid materially in a 
proper comprehension of the theory of 
arches of every description. 

The subject has been logically de- 
duced, assuming ¢Ny ah elementary 
knowledge of statics and of, the thegry 
of. elasticity. The best’ grinhicd§na - 
sis heretofore presented joNhat‘t Prof. 
H. T. Eddy in his New ConSireetions in 
‘Graphical Statics, whick is referred to 
géfncerning very figt arches, Are only 
kjpd treated of in his .co: Frictions, 
Tile methods given in this bood@efKst0 


iv - 
any style of arch, loaded in an> tanner ; 
nd it is claimed that the trencment is 
the first thorovigh and general one that 
the solid arch has ever received. 

Much that is new will be found in 
what follev= natably, the exact solu- 
tiow of the voussoir arch in certain cases, 
te firs, correct grap ical determination 
sf temperature strains and of the arch 
hinged outside of che center lin. 

_ The notation of the equilibrium poly- 
gous, too, will be appreciated, as it tends 
to avoid mistake. : 

It is hoped that the book will be found 
useful to the practitioner and of interest 
to the student of Graphical Statics, con- 
taining as it does the most important 
applications cf the equilibrium polygon. 


Tue AurHor. 


Solid and Braced Elastic Arches. 


GENERAL OBSERVARIONS AND THEOREMS. | 

1. The term &lid aFén: is applied, i 
what follews, to arches.having a conéin- 
uous web connecting the flanges; the 
term draced arch, to such as are braced 
between the flanges by the usual struts 
and ties, forming any pattern of open 
web. As contradistinguished from the 
voussoir arch, the solid or braced arch is 
capable of. supplying tensile resistances, 
at any ideal section, shen needed; though 
_ag all arches are compo8ed vf elastic ma- 
terials the term elastic arch is aypplicable 
to any one of them. When the softd 
arch is hinged at one or mor® points’ (not 
exceeding three) there sre of course no 
tensile forces exerted at the hingéd joints, 
‘so that the hinged joints, if an}; aiust_be 
excepted in the above definitiofe 
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If the arch has more than three hinged 
ajgints, it is no longer stable, except as a 
sugpension bridge. Im the vougsoir arch, 
‘composed of many stones laid flat against 
cach other, the joints are not hinged; in 
fact, if theazch ming is of such propor- 
f tiofis, Wt only compressive’ forces are 
gxertedat cach actualgoint, the treatment 
ay fall under"That pertaining to solid 
“arehes, as was firat suggested ipethe pre- 
ceding paper on Voussoir Arches, Van’ 
Nosrranp’s Macazinz, Vol. XX, article 
27, remark. This connection between 
solid and voussoir arches, will be more 
fully developed in the present paper. The 
aim has been, in what follows, to treat 
solid and braced arches in the most gen- 
eral manner; ie Sore method offer- 
ing great fuctittés in making the discus- a 
sion wy comprehensive, and at the same. 
tine siMiple sand obvious. As is well 
known, the strictly analytical treatment 
of this subject, especially in the applica- 
tions, is“jedious in the extreme. For tha 
best_: np discussion, the reader is 
refeteod 0 that of Winkler, given in _ 
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Du Bois’ yery comprehensive Graphical 
Statics. It is hoped that the purely. 
graphical solution following may Be c8m- 
prehended by many, who posess only & 
knowledge of the composition and resolu- 
tion of forces and the, principles of mo- 
ments as taught in mechanics.~ To this' 
end a brief review of the eqilibrivm poly- 
gon and some *f its ‘properties seems 
necessary, after which #he theory in ques- 
tion will be entered upon. 

The Graphical analysis has received 
attention from Wm. Bell (Rigid Arches, 
céc., Van Nostnann’s Maaazine, Vol. VIII) ; 
Prof. Chas. E. Greene (in Hngineering 
News, 1877), and Prof. H. T. Eddy in 
Researches in Graphical Statics; much 
of the latter treatise having first appeared 
im Vax Nosrrann’s Maekaiwis for, 1877. 

- Phe method adopted by Prof.eEddy 
constitutes a marked advance i in precision 
of treatment, rendering posefble,the ready 
and bxact location of the true curve of 
pressures by a systematic methoa, in place 
of the method of innumerable trials, here. 
tofore resorted to. It is largely drawn 
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upon in what follows. In order to ren- 
der the solution as exact as te graphical 
“Hiethdd will admit of, the few "principles 
of the theory of elasticity that are needed 
will also be demonstrated. 
2. Hquilibrium Polygon.—Let the 
parallal forces (Pig. 1) acting through 
Ty Py Py» Pr and r, be in equilibrium, their 
intensities being repreagated, to the scale 
Of force, by the lipes R,, P,, P,, P, and R, 
on the left, drawn parallel to fie: forces. 





Fig. l, 
° 


From any point O, snot on the foree 
line P, draw the dotted rays to the 
_extremitges of the lines representing 
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P,P,.... Now commencing’ at sny 
point *, of the first foree on the left, 
draw ”, p, ray B,P,, then p,p,||ray PB, 
P,P, \ray"P,P, and p,r, | vay PB,; mean- 
ing by ray B,P,, P,P,,-..., the rays from 


i re? 
O ineluded between the letters men- 
tioned. ee : 


Now it will be found that the line 7, r, 
is parallel to the yoy RR, or OO’ as’ mity 
easily be proved from mechanical princi- 
ples. Thus: conceive applied along éach 
of the lines 7, 2, P, Dy P.P, 20d pr, two 
opposed forces, each equal to the force 
that is measured by the length of the ray 
to which the line is parallel. This does 
not disturb equilibrium, but it adds at 
py. tivo forces equal to the rays PR, and 
P,P, measured to_the scale of force. 
Similarly at p, and ~ ure added the 
forces represented by the rays,P Fo TeP, 
and P, P,, P, B,, so that complefe equéli- 
brium is established at p,,pgand p,, since 
there are three forces at each-point pro- 
portional to the sides of a triangle par- 
allel to-their directions, as we see from 
the force diagram on the left. plowgover, 
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since the P’s act downwards, the applied 
forces at each vertex, Py P,++-, must act 
deeay.trom that vertex, as we see by fol- 
lowing round the triangle of forces for 
each vertex p. 

Now as the primary forces are in 
equilibriam, we must likewise have com- 
plete equilibrium at both vr, and r, from 
the original forces R,@ind R, and the 
remaining forces applied along the lines 
T Py Ply 

Now in order to have separate equili- 
brium at both r, and r, we must apply 
two opposed forces at r, and r,, each 
equal to the resultant of R, and ray RP, 
or of R, and ray R,P,, (¢.¢. equal to the 
ray R,R,) which forces balance only when 
this ray RR, is parallel to mr, 

Hence, if, the Torces P,, P,, P,, acting 
at p,m, Hy are given, and it is required 
t6 find the forces at r, and 7, (similar to 
the reactignfs of a loaded girder) we lay 
off the forces Pp P,...,in order, parallel 
to their directions; then starting at r, 
or on a -vertical through ™, we draw 
np lrayeR,P,, p, p, | ray P,P, otc., to r,3 
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then a line OO’ drawn parallel to *,r, 
will divide the force line P into the fwo 
reactions. R, and “R,, for now at each 
point, r,,.p,,..., on supplying the imag- 
- inary forces we have equilibrium. The 
line 7,7, is called the closing line, and 
the polygon r,p,.... 7, the equilibrium” 
polygon. . me 

Further; if we prolong the sides 7, p, 
and r, p, to intersection, the resulfant ~ 
R=R,+R, acts through 7, and is of 
course parallel to the original forces. 
This is evident if we consider only the 
forces at r,, 7, acting upwards, and R - 
acting downwards at 7, we see that on 
supplying the opposed forces along the 
lines rr, 7,7, 7,7 equal to rays P.R, 
R,R,, PR, that the sygtem is in equili- 
brium. - _-e 

3. We shall repeatedly have %°solye 
this problem: given the fprees at p,,p,..-, 
to find their resultant R. We have then 
simply, from some point p, on the first 
force, to draw p,p,, || ray P,P,, &c.; from 
thelast point p,so found, drawy,’|| rayP,R 
to intersection r with p,r || ray P°R.* Lt is 

be a 
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seen that on supplying the imaginary 
forces that the system is in equilibrium 
at tach vertex p,, py .- pyr The force 
R at 7, acting in an opposite direction to 
that which causes equilibrium, is the re- 
sultant of the for ces at Dy Py. + . in posi- 
tion, direction and ‘magnitude. 

¢ + Again, let us consider the original 
forces at ry Py Py pe aad r, in conjune- 
tion with the forces applied along the 
sides of the equilibrium” polygon 
1, p,p,-+-%, that cause equilibrium at 


each yertex. Let us suppose a vertical’ 


section made at any point @ and that the, 


right part abr, is removed. Now equili- 
brium still obtains at the apices 7,, p, 
and »,. Now for any system of forces in 
equilibrium, the sum of their moments 
about any point in their plane is zero. 


The toxcés ‘along 7, p, and oe p, balance, 


ltaving*the forees R,, P,,P, (whose mo- 
ment abot a we shall call M), the force 
along p, p, and that along 7,5 which is 
represented by C. Taking moments 
about a, 


= M--C.ae=O0 
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Call the perpendicular from the pole O 
to the force line P,...P, the pole-dis- 
tance= H. . . 

Now ae the ‘perpendicular from @ upon 
rr, = ab. cos. bac.*. C.ae=C. cos. buex ab 
=H ab, a8 is seen from the left figure or | 
force diagram . 

*. M=¥.ab=Hy. « 

“Or the moment of the vertical forces 
to one side of any point a is equal tothe 
pole distance, H measured to the scale 
of force multiplied by the ordinate of the 
equilibrium polygon at that point, to the 
scale of distance. M is the same taken 
about any point in the line ab; hence is 
measured by H. ab for any point 3 in the 
same vertical. 

It is this property of the equilibrium 
polygon that we shall find of special uéil- 
ity in treating solid arches. Oe Re 

As the above result must be tr tie when- 
ever the pole O is placed, we ste that for 
any number of equilibritim polygons the 
product Hyis constant; whencea decrease 
of Hinuglves an increase in y inthe same ~ 
ratio, and the reverse. 
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5. If we desire to construct a new 
i anion polygon, with the same clos- 
ing line 7,7, as the first, the new pole O' 
must be ‘abn on the ray B,R,, since this 
ray must be parallel to the closing line. 
The equilibrium aplygon is constructed 

“as before, as shown in the figure. If 

tome other pole had been chosen, lying 
in a vertical line through O’, on drawing 
th8 equilibrium polygon through 7, as ° 
before, the point , will be found above 
or below its present position, but the or- 
dinates y remain the same. If these ordi- 
nates are taken in dividers and laid off 
from the present position of 7,7, the equi- 
librium polygon qq... can be located with- 
out the necessity of drawing it directly. 

6, If we denote the horizontal distances 
of the forces R, »P,P,, acting at 7,,p,,2,) 
front f by Zp %,,0,, respectively, we have 
just found that, ; 


Rye,—(P,¢,+P,2,) =H.ad=Hy. 


- Produce ba to intersection 7 (it hap- 
pens to be) with r,, produced. ‘Now the 
trjahglér,rb is similar to thé one with 
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vertex O and base R,;.. H: Ry: a,: 7, or 
Ra,=H.br: Substituting this valne 
above, we have, 

; P2,+P,2,=Har. 

From this equation it is evident that 
we have a ready means of finding the sum 
of a series of products, of the type Pa, in 
the equilibrium polygon. We have only 
to draw verticals through points p,, #9, 
whose horizontal distances, to some scale, 
from the vertical a, are x,,a,, respect- 
ively; then-on laying off to some scale, 
(the same as before if desired) the quan- 
tities P,,P,, along the line P,P, and con- 
structing an équilibrium polygon through 
any point 7,, by drawing 7,p, || ray R,P, 
P,P, || ray P,P, p,p, || ray P,P, to inter- 
section a with the vertica? ad, ‘and the clog- 
ing line r,@ in this case, we find «P,2, 
+P,a, =Huar ar as before; H being meas- 
ured to the seale of the P's 's, afid ar to the 

_ seale of the z's. The pringiple evidently 
applies to any number of supposed 
forces lying to the left of ad. It is evitlent 
thatthe principle is true howewr sear 
7, is taken top, The’ construction tis 
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simplified by causing 7, and p, to coincide 
so that p,a will be the closing line. The 
proof is easily extended to the case when 
the forces are laid off on P,..P, in any 
order, and some of them act in opposite 
aneeuons: s 

. The following i isa simple geometri- 
fad proof that invglves the important 
problem of quadraturés. Suppose it re- 
qtired to find the numerical value of the 
sum of the products (P,z,+P,2,+P,e, 
+P,x,), P,, %, etc., denoting any numer- 
ical values whatsoever. 

Draw the vertical aa and the hori- 
zontal aa (Fig. 2). Through the points 
@,, @,.. distant #,, 2, . . to scale, from 
aa draw vertical lines, x, p,, ete. 

Next lay off to some scale (the same 
scale ee for the «’s if preferred) 
P, PE£..-, in order on a vertical line 
P,P, oa from, some point O, draw the: 
rays to the extremities of P,, P,,.:., and 
denote any ray by the letters “enclosing 
it. Then starting at some point a, draw 
ap,{jxay AP, to p, in the first vertical, 
thefi diaw p, p, |ray P,P., to intersection 


isa? 
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pywith the vertical p,, then p,p,|\rayP,P,, 
p, p, || vay P,P, and p,a, || P,A, to inter- 
section @,.with thé vertical aa, Then 
denoting by H the perpendicular from O 
upon the line P,P,, measured to the scale 
of the P’s, and measuying aa,=», to the 
seale of the 2's, we have 


Pix, +P.x, 4 Pox, +P2,=Hy 


The proof is easy. Extend the lines 
Py Py Py Py © +» to intersection a,, dy... 
with aa; then each triangle, p, aa,, 
Prt,4y » . «is similar to a triangle in the 
figure on the left, the sides being par- 
allel; hence the ratio of base to altitude 
is the same for both 


Hi: Pls a, rad, . Px, =Haa, 
oH: Pit: @,: 4,4, .-<P,2,=H.a,a, 
brale & Bow aca Sw gee 
Adding the equations, we have 
pare 3 
Pia, +P,2,+...=H.ca,=Hv 
as stated above. This is the general 
principle involved in Culmann’s “Suzima- 
tion Polygon.” The notation empl8yed 
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aetna 











above seems to forbid the possibility of 
a mistake in construction. 
¢On applying this rule to the products 
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(P,2,+P,a,) and (P,2,+P,2,) separately, 
beginning the construction for the last 
ata,, we see that (Px, + P,x,)-(P,x,+P2,) 
=H(aa,—a,a,), principle that we shall 
find of great utility. 
To apply the above pxinciple to areas, 
- as the one shown on the left, draw 
through each cornex of the plat, lines 
LP,P,, thus dividing the figure into 
triangles and trapezoids. Take the hori- 
zontel medial lines 2,, x,,... of each 
triangle and trapezoid in dividers, and 
lay off on line za as above. The lines 
P,, P;,... are the altitudes of the tri- 
angles or trapezoids; so that by choosing | 
a pole O ata distance H (an even number 
. is best) from P,P,, and proceeding as 
above we find (P,2,+P,+...)=Hv 
=area of figure. In this case H and 
are measured to the same scale. **- «4 
Tf another plat is made alongside of 
the one shown, the area of both may be 
found at one operation; “the distances 
%,,%,, . - Will now denote the sum of jhe 
medial lines of the corresponding trape- 
zoids of both figures. Where th® same 
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area has a slice taken out of it, this prin- 
ciple will be needed.* 

It is generally convenient to choose H 
about the mean width of the plot, whence 
v will be the mean height about, and the 
construction tothe right is kept. within 
bounds. 

8. Suppose it required to find (P,a,’ 
+Pix,+ ...) or the moment of inertia 
of the forces P,, P,,. . . acting at x,,2,... 
about the axis aa. After making the 
above construction, regard the segments 
aa,, @, a...a8 forces applied at %,,2,,..., 
and. make a construction similar to the 
above with a pole distance H’, and denote 
the segments cut off .on the line aa,, by 
56,, 6,b,,.... Then we have, as before, : 


« Gt, 2, =H.3b, a,0,.0,=2H'. BD, 


0, ete. ; 
- 





¢ 
*Thave recently used the above method in checking 
numerical cor-putations, and find that for small tracts of 
land (80 acres gay), the difference between the graphical 
and numerical methods was nearly zero, for two 100 acre 
tracks, do of an acre difference; for a 280 acre tract, 3.1 
Rer@g; for a 400 acre tract 2.2 acres. Scale used was 
600feet=1inch. The above is only intended to givesome 
dderof the accuracy of the method, using only ordinary 

care, : 
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Multiplying both sides by H andadding, 
noting that by art,7 H.aa,=P,2,, etg., 
we find, 

(P2,+P,o,+ ...)=H.H.b6,. 

For a full discussipn of the elements 
of Graphical Statics, the reader is refer- 
red to DuBois’ Graphical Statics, anc 
Eddy’s Researches in Graphical Statics. 

. We have already nearly all the principtes 
of, the method that we shall use in this 
treatise, and shall now proceed to their 

- application in the case of the arch. 


THEORY OF ELASTICITY. 


9. Let Fig. 3 represent a portion of a 
solid arch with parallel flanges, whose 
neutral axis, when ordinary flexure alone 
is considered, is nn. . 

Consider the part, whose length mea® 
ured along nn is 8, included ketween the 
two normal planes that make an angle a 
before strain and a’ after strain. Let R 
be the resultant of the external forcés at 
the middle of the part taken. aA the 
middle of s on mn conceive two equal 
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Ny 
Figs 3. at 


opposed forces +R, —R, each equal to ‘ 
R. The force R is thus equivalent to a . 
_ couple RR and a force +R at the middle 
of ¢ on.nn. This latter force may be 
Aecortposed into two components T and 
N tangentjal and normal to nn at the 
point of action. The forces T on each 
part produce *s shortening of the entire 
arch and its effect. may be considered, by 
itself, as we shall see. The force N- is 
similar % to the shearing strain in a straight 
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beam (see art. 82). The moment RR is 
principally effective-in changing the eusv- 
ature of the arch, and it will alone be 
considered in this connection at present. 
The deformation caused by N is of course 
too small to be regarded in the solid arch 
with a continuous web. See art. 84 for 
ite effect on braced arch. Call the dis- 
tance of any fiber from nn, v; its length 
before flexure is s+va, after flexure 
s+va'. Denote the modulus of elastic 
ity by E, and the area of the cross sec- 
tion of the fiber by A: the force on the 
fiber is, i 
,_v(a’—a) 
f= S+VUa 

If vis the mean radius of curvature at 
the cross section, ra=s,which substitute 
above. Now the sum of the momegats "of 
the forces f, above and below nn, must 
equal the moment of the external forces 
RR=M. 

yas" @=9) na 
i (r+o)a° 

The term Sv'A=I=moment ef itfertia 

of cross section. In takinggthe absve 
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sum, we see that if the cross section is 
symmetrical with respect to nn, that for 
equal values of v above and below nn, 
the sum of the two moments 


Ey’4aA Ey’gaa 2° Edav'A 


(r+v)a (r--v)a = 7a qe 
, 





a 
2 * 
When 5 is very small, as it generally is, 


it may be neglected, so that regarding E 
and 7 as constant for the length s, we 


have mi 
Sh Es 
8 F 
Ms 
» fax a (2) 


10. If we denote by /’ the strain per 
wait 9 f area on the fiber, most distant 
from nn, whose distance from nn is v's 
we have from the value otf, 

€ 
jis v'.4a8 . 0’ dak 
: “(r+0)a ~ 3? 


when of is small compared to r; eo that 
(f) may ke written, 
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, 
m=f1 8) 

It will be well for the reader to bear 
carefully in mind the approximations 
introduced. a 

We have omitted the deformation due 
to T, for the present. In the solution 
given in Du Bois’ Graphical Statics, this 
shortening of the axis, is included from 
the beginning. Its influence, however, 
is generally very small. We shall in- 
‘elude its effect under the head of 
temperature strains. 

11. It may be observed that in a 
ourved- beam the neutral axis does not 
exactly coincide with the center of 
gravity of the cross sedtion, since the 
elongations per unit of length of the: 
fibers, is not the sanie at equal “aintinegs 
either side of the real neutral axis, 
though very nearly so for “flat arches. 
Assuming xn to coincide with the’ 
centers of. gravity of the successive cross 
sections, we find the strain on the outer 
most fibers due to M and fo%e TT as 
follows: 
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From the middle of s draw a perpen- 
dicular to nz to intersection with R, and. 
call its length p. Now if R is decom. 
posed at this intersection into compon- 
ents N and T, the former produces no 
moment about the middle of 8; hence 
M=Tp. ‘ 

Calling A the area of the cross section 
and y its radius of gyration, I= =g’A, and 
(3) may be written 
=Ty'A Page 

The force T, at the middle of s, pro-, 
duces ® uniform strain on the fibers of 


Tp= 


the cross section there = i. so that the 


A 
total strain one the outermost fiber per 
unit is, : 
©¢ 
€ pe 
fag(tee Ee) ... @) 


12, The las, two articles are only of 
service in estimating the maximum strain 
on any fiber when-the position of R is 
known. _We must now deduce principles 
by. which to find the locus of the yesult- 
ants on alf the cross sections. ’ 
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The angle (a’—a)=4a (Fig. 3) is the 
change of inclination of the tangents at 
the ends of the arc’s due to the momeAt 

_M producing flexure. 





In Fig. 4 let the are abe represent the 
neutral line xv of Fig. 3. Also let 2, 
whose co-ordinates with ¢ as the origin 
are a and y, be the center of a postion |s s 
of the neutral line. Let ga for this por- 
: tionszangle ebe. At c draw’ce 4 bc and 
ed L ae, or the axis of 2.> 

Then from similarity of triangles 


ed_y . ce 
cen be d= yay. s 
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de_& 
= * dex Foema, 4a. 
“The angle Ja being. very small wo — 
have replaced its tangent by the are 
itself. 


As before observed, the moment M, 
at the middle of the little are considered, 
8, being small, is taken, approximately, 
as producing the same change 4a, as the 
real moments acting. Again, the change 
4a is made up of the numerous little 
changes occurring at each little element- 
ary portion of the arc s, so that if each 
portion was considered as above, x and 
.y would have values above and below the 
co-ordinates of the middle point 4. We 
assume, therefore, that if M, # and y are 
taken at the middle point, 4 of the are s 
ednsidered, that the true horizontal and’ 
Vertical displagements of ¢ are given 
very nearlY by the above equations. 
Some such appoximation is inseparable 
from the graphical method. Therefore 
divide up the are abe into a number of 
part£, d¢duce the horizontal and vertical 


29 
displacements for each portion and find 
their sums, 2y.4a, 22.4a. 

If the tangent at @ moves through”s 
small angle £, we have de due to it=xf 
=uc.f8; the horizontal displacement is 
yf=o. So that, calligg / and v the total 
horizontal and vertical displacements of 
the left end of the arch, we have, 


haBitysa) . 2. (8) 


v=, (xd4a)+fuc . (6) 


It is believed that the results attained 
by measuring « and y to the middle of 
each little elementary arc are more nearly 
correct, than when they are méasured to 
the extremities of the little arcs. 

The are may be divided into equal gr 
unequal parts. It can easily bé divided 
into egual parts by the dividers: thus, 
dividing «be into two parts, these parts 
into two others and so on.’ The result is 
evidently more correct the greater the 
* number of divisions. Dies 
13. From eq. 2, we find 4agfor* one 
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elementary arc. By adding the values 
found for each portion, we have for the 
total change of the irfclination, of the tan- _ 
gent at c with respect to the tangent at a 
° Ms 
7 7) 
Substituting the value of 4a from (2) 
in (5) and (6), we héve, 


° Mys 


3(4a)== 


h=2,5r ) B) 
“¢ Mas 
w= 2 Rpthae . . (9) 


If we divide the neutral line abe into 
equal parts s, as suggested, s may be 
placed before the sign of summation. 

We must now find M,E,I, z and y, for 
the middle of each part and sum the 
s@parate displacements for each part. 
hetwoén ‘the limits @ and ¢,_a8 in fact, 
the equations indicate. 

We shall” generally, hereafter, for sim- _ 
plicity, sappofe E and I constant, so 
that they may be placed before the sign 
of summation. 

tif méty be well to state here, that if 
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the actual moments M, acting on each 
division of the arch, ere known, togethar 
with Ei and I, that we can find from eqs. 
(8) and (9) the horizontal and vertical 
displacements of each point of the arch 
with reference to a, *hy regarding the 
point ¢, the origin of co-ordinates, at 
each point in turn,’ and effecting the 
summation from a to c. We can thus 
cotnpute, and lay down on a drawing, 
the exact form assumed by the neutral 
line after strain. By this means we may 
predict the lowering of the crown or 
spreading at the haunches, which last in 
the stone arch, is generally resisted 
partially by the spandrels. This partial 
resistance, however, causes a new curve 
of pressures, as we shall see, thus chang- 
ing the values of M, so that it dogs, not 
seem possible by this means to comput® 
the actual resistances of the spandrels. 
14. From the last three, equations we 
obtain the conditions necessary to locate 
the positions of the resultants of.the 
external forces at every cross section. 
Thus, for an arch whose tangents at the 
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abutments are fixed in direction, span 
tavariable and vertical deflection: of end 
zero, te, for an arch fixed'at the ends, 
then eqs. (7),(8) and (9), and f, are each 
equal to zero. 


€ . 
. 2"M=o, 3° My=o, 5 Me=o 
a « « 


4 € 
15. If the arch is fined in direction at 
a, but hinged at ¢, so that the tangent 
there may change, we have’ h=o0, v=o, 
fizo, 
_e c ‘ 
. 2, My=o 5,Mze=o0 


the origin of co-ordinates being at the 
hinged end. 

16. Tf the arch is hinged both at a . 
and.c, the span being invariable, 


> My=o 
a 


It is true that’»—o in eq. 9, but since B 
now has some yalue, it follows that SMz 
cannot be zero as before. 

‘14. Lastly, if the arch is fixed in 
Urestiog at the ends, and hinged at some 
informatie point b, the horizontal and 
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yertical displacements of 6, for the part 
ab, must be the same as for the part bg, 
owing to the connection. So that we 
have the conditions, 


b db b b 
2, Me=2, Me, &, My=—2, My. 


The last term is ginus, since if “My 
on one side is plus, on the otlier side it 
is minus, to cause the horizontal dis- 
placement for the two parts to be in op- 
posite directions. From the reasoning 
of art. 12, we see that the origin of co- 
ordinates for this case must be taken at 
b, y vertical, a horizontal as before. : 

18. For the arch “fixed at thefends” 
wo may take'the origin of co-ordinates at 
some other-point than ¢, as 0, if pre- 
ferred. _ ig 

For we have, calling om=d,aniomed, 
the old co-ordinates of & « and y, the 
new, 2’ and y': amd—2’, y%d’—y', #0 
that (art. 14). 

2Me=2M(d—2')=d2M—2Me’s0 

EMy=d’SM—ZJMy’=o 

.. 2Ma’=o0, YMy'’=o, 
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since by the first condition’ [M=o.. 
Kt is important to-observe that x’ must 
change sign on the other side of-om in’ 
the summation. Similarly for y' if o is 
below the crown. 

If we are using‘ a trial curve of press- 
ures for which 2M is not zero, we must 
of course reckon the origin atc to find: 
the real sums, which may not be zero if 
the-curve is not located properly. 

Similarly for an arch, with qne or more 
hinges, the origin must be at the hinged 
point, since 2M is not zero, &. 

19. If in any case the arch ig not 
hinged on the neutral line ade, but at 
some point outside of it, this point must 
be taken as the origin of co-ordinates, ° 

“since for this point the condition that 
fhe horizontal and vertical displacements, 

‘equal zero is alone true, as follows from 
art. 12, If the ends of the arch are fiat 
against the skewbacks, but not bolted to - 
them, the bending moment at the abut- 
ment may become large enough to lift 
one oqge clear of the abutment, which 


)Nreasenta a case armilar ta thea ahncnS Tt 
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is plain that we divide up the neutral line 
abe into equal parts as before, and that 
we must now attend to the signs of a 
and y, if any of the values are minus. 
This case has been treated by Mr. 
Charles Pfeifer, C.K (V. Nis Mag. 
for June, 1876), though the use of his 
eqs. (17) and (18) inwolve the principle 
that the deflections of the end of the 
centre line are zero; ‘whereas the true 
conditions are that the deflections of the 
hinged, or free-to-turn point are zero. 
The other view would involve our taking 
wand y about ¢ in Fig. 4, in place of the 
point about which the arch rotates. 
This error though is generally very small. 
In DuBois’ Gruphical Statics, p- 388, 
art. 22, is given an example of “Arch 
continuous at crown and hinged at enda 
of lower rib,” the formulae deduce& ‘for. 
arches hinged in the neutral line at the 
ends being supposed to apply, which is 
evidently incorrect. ‘ 
20..When the moment of inertia and 
modulus of élasticity vary for different 
parts of the arch, we have only to Peplace 
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M in arts. 14 et seg. byap when the above 


conditions hold. Th designing an arch, 
it is of course impogsible to know the 
values of I beforehand, so that some sec- 
tion must be assymed by which to com- 
pute 2 more correct one, and this in turn 
assumed, and s0eon: by this means 
approximating to the true result. 


PRESSURE CURVE. 


21. In Fig. 5, let the foree P be in 
equilibrium with the forces V, and F atc, 
and V, and F at c¢,, the forces F being 
parallel. The resultant of V, and F at ec, 
must intersect, the resultant of V, an F 
at ¢, in some point c, of P. Lay off P 
on the load line on the left, draw R, and’ 
&, parallel respectively to e,c, and ¢,c, to 

einttwedtion 0. Then R,=resultant of V, 
and F at c,, and R,=resultant of V, and 
F at c,° Hence, drawing the line F 
through 0, parallel to force F, we see 

: that the forces at c, and c, must have the 
infensities shown by the sides of the 
trfingges of the force diagram on the left. 
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Fig. 5. 
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Now draw a line &,4, parallel to the 
direction of force F, also draw the 
lines o,f, and cey parallel to.P. It will 
not affect equilibrium to add two equal 
opposed forces F at &,, also at &, acting 
parallel to F, all gf them; but since the 
two forces that act towards each other 
now balance, the eeffect is to form a 
couple at the left with the F at ¢, and 
the remaining F at %,, similarly at the 
right. If we denote the angle made by 
F with a line perpendicular to P by a, 
we have the moment of the couple at 
o=F, he, cos a=H. ke, and at ty 
Fh, cosa=H.k,c, H denoting the 
pole-distance of force polygon, as shown 
by the dotted line from o. 7 
Now since our-system of forces is 
balanced at each apex, &,, ¢,, ¢, ¢, k,, on 
Suppbsing opposed forces R, R, acting 
along ¢,¢, and R,, R, along ¢,c,, a8 we 
see by reference to the force polygon, if 
we suppose the forces removed to the - 
xight of the line ck, eqilibrium still 
hol ds at ¢, c, and &,, so that the sum of: 
the moments of the forces there about 
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any point ¢ must be zero. Suppose the 
two opposed forces R, acting along ¢, Ce 
removed, we have left P, V,, couple FF, 
force F acting to the right at &,, and 
‘force R, on ce, The moment of this last 
is zero; hence, denoting the lever arms 
of V, and P about ¢ by a and d, 


we have e 


(V,2—H.c,4,—Pd) =F-cl, 


ef being perpendicular to 4,/,. Draw ke 
parallel to P; then from similarity of a 
triangle in force diagram to ckl, we have 
F.cl=H.ke. Now if we had a structure, 
as a continuous girder acted on by V,, 
couple FF and P to the left, we should 
call the term (V,e—H.c,k,—Pd)=M,, 
the moment of the external forces left of 
the section taken; whence, 

M.=Hike 
This same result holds td the left of P, 
the term Pd being then omitted. If ¢ is 
taken below the closing line 4,4, a8 we 
shall call it, the moment of F is of an 
opposite kind to the first, so shat 
M, changes sign. 
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We see from the foregoing that h, ¢, c, 
o;k, is the equilibrium polygon for the 
forces considered, and that the moment 
M, at any point is equal to the pole dis- 
tance H multiplied by the ordinate Keo 
of the equilibrium polygon to the closing 
line. The effect of an end moment 
is thus to shift’ the closing line 
at the end an amount equal to the 
moment divided by H, If the forces of 
the end couple as given, do not coincide 
with F and F, we can replace it by an- 
other couple of same moment whose 
forces do coincide with F and F as 
drawn, 

If there are & number of forces paral- 
Jel to P, the equilibrium polygon c is 
formed as usual, and the above relation 
évidently holds. 
® 92, Let us now conceive a,aa, (Fig. 5) 
to be the reutral line of an arch “ib fixed 
at the ends and acted on by a single 
weight P, the real reactions being R, and 
R, acting at ¢, and ¢,, respectively, in 
the directions ¢,c, and ¢,¢, If we de- 
gompote each reaction into horizontal 
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and vertical components, we see that the 
former alone produce the end moments 
which cause fixity; fhese moments being 
Hae, and H.a,e, respectively. 

_In case that the arch is hinged at the 
end, there is no momgnt, so that the re- 
‘action must then pass through 4, ,@,, or 
both, according as ¢he arch is hinged 
simply ata, or at a,, or at both of these 
points. . Now decompose R, and R, atc, 
and ¢, into components V,, F and V,, F. 

As before, let us apply along some 
line &,k, parallel to the direction of F, 
four forces F acting away from each 
other at %, and.k, as shown in the figure. 
This does not disturb equilibrium, but it 
has the effect of transferring F at c, and 
é, to k, and. k,, and of adding the coup- 
les H.k,c, and H.f,¢, at the leftand right 
abutments respectively. — an) 

Taking moments of the forces to left 
of a about & we have, 4 


M=(Vz—H.k,c,—Pd)—H.ak ; 


‘noting that the moment of F at k, #bout 
a=H.ak. Now we seo that fhe term 
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(Vx—Hk,c,—Pd) is the moment at a of 
@ girder acted upon by: the force P, with 
end moments, H.k,c, and H. Ef, 6, a a, and 
a, respectively, the pole distance H Being 
the same as the actual horizontal thrust 
of the arch; and,that k,c,ce,k, i8 the 
equilibrium polygon for such a girder, 
&e., so that the term above, M.=H.ke. 
Hence we find the bending moment at 
any point @ of the arch to be, 
M=H(ck—ah)=H.ae. 

Hence the actual moment at any point 
of an arch is equal to the horizontal 
thrust multiplied by the vertical distance 
from the equilibrium polygon ¢ to ‘the 
neutral line of the arch, M being + or —, 
as ck> ak, or <ak. This curve €,¢,¢, 18 
the locus of the real resultants acting at 
pcints of, the arch, and is called the’ 
evessure curve, It is evidently irrespect- 
ive of the particular position of kk, and 
hence of the end moments H. ke, H. kee, Ca. 

Remark. — This result is easily proved other- 
wise., In fig. 3, from the middle point of arc 8, 
draws vertical and horizontal lines to intersection 
with Rart denote their lengths by a and A; also 
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draw a perpendicular line to R, and call its 
length p. If the hypothenuse of the large 
right triangle formed ‘represents R, the side h 
will represent H. From similarity of triangles 
we have. 


. a=? 1. Rp=Ho, as stated, 
Pp e 


28. Now if we regard the neutral line 
of the arch itself as‘sn equilibrium poly- 
gon, with a closing line &,k,, due to some 
kind of loading not given, having a pole 
distance H equal to the actual horizontal 
thrust of the arch, the term H.ak in the 
previous equation is the moment of the 
supposed external forces at a and may 
be denoted by Ma, so that the previous 
equation may be written, 


M=M,—-M,: .. - (10) 


This equation holds on the supposition 
that c, and ¢, are the real points of‘actio®, 
of the resultants at left @nd yight abut- 
ments; but there are no restrictions’ as 
to the position of &,4, whatsoever. We 

. shall presently see the necessity of, im- 
posing some. Thus for the arch fixe? at 
the ends, we have (art. 14) ‘ 
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2M=0, 2Mzx=0, 2My=0 seve (11) 

Now if we suppose the end moments, 
Hc, and H. hee. ¢, of sufficient intensity 
to fix in direction the. tangents to the 
neutral line of a girder, acted upon by. 
the same loading as the arch; and if. the 
vertical deflection »f one end above the 
other is zero, we have, since M, is the 
moment for such a girder, 


3M,=0 SMja=o .... (12) 
If we subtract the first two of eqs. (11) 


from eqs. (12), we have as a necessary 


consequence from eq. (10), 
2M,=0 SMar=o... .. (18) 
Now we shall find that by eqs. (12), 
we are enabled to find the end moments 
kc, H4,c, without knowing H, or the 
position of the closing line. We shall 
further find that eqs. (13) enable us to 
find this closing line, 4,4,, in position. 
Lastly from the condition, 
-2My=2(M,—Ma)y=0, 


we willbe enabled to find H, whence 
from the found end moments, the dis- 
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tances 4,¢,, k,c,, may be ascertained and 
laid off from &, and &, thus giving us 
two points of the pressure curve, whence 
it may be drawn, with the known value 
of H. 

24. Tt is true that we may determine _ 
some other closing lige by assuming, 


2=M,=A, 2M,.c=B 


whence by subtraction, as before, we 
have as a consequence, 


2Ma=A, 2Myx=B 


But it is apparent since the total 
bending is now proportional to A (see 
art. 13) that the vertical deflection is 
no longer zero, but dependent on the 
value assumed for A, so that B is a fune 
tion of A and cannot be assumed*arbia 
trarily. But as this involves a computa- 
tion of B, the steps are not near so 
simple, as when we assume the total 
bending of the supposed girder zero, 
when of course the vertical deflection is 
so likewise. 

25. From similar consideretions 
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simplicity, it will be assumed that when 
an arch is hinged at’ any point or points, 
that the supposed girder is similarly 
hinged, so that the closing line 4,4, will 
pass through the point or points (not 
exceeding two) since the moment there _ 
is zero. 

The solution corresponding to Fig. 5 
comprehends every case, the closing line 
changing its position according to the 
conditions of the case. 

Thus for the cases treated in arts. 
14-17, the formulae there given for the 
arch hold. 

It is then evident. that whichever of 
the similar conditions apply to the girder, 
apply likewise to curve a regarded as an 2 
equilibrium polygon as follows from the 
relat‘oris expressed by eq. 10. 

26. We haye hitherto, for simplicity, 
considerell but one weight P on the arch ; 
but since for any number of weights the 
two straight lines ¢,c’ and c’e, are simply 
changed into a polygon ce, the equilib- 
ritim golygon (art. 2) due to the weights _ 
alone, the result holds for any loading 


e 
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whatsoever. The above demonstration 
is essentially the same, with some emen- 
dations, as'that given by the writer in Van 
Nogrnann’s Macazrve for June, 1878. 
. 27, The above principle was first stated 
by Prof. H. T. Eddy in the January, 
1877, No. of Van Nosrranp’s Macazing, in 
these words : es 

“Tf in any arch that equilibrium paly- 
gon (due to the weights) be constructed 
which has the same horizontal thrust as 
the arch actually exerts; and if its clos- 
ing line be drawn from consideration of 
the conditions imposed by the supports, 
ete.; and if, furthermore, the curve of © 
the arch itself be regarded as another 
equilibrium polygon due to some system 
of loading not given, and its closing line 
be also found from the same onsidera- 
tions respecting supports, ete. ; then wha 
thesetwo polygonsare plicedso that these 
_. elosing lines coincide and their areas par 

tially cover each other, the ordinates 
‘intercepted between these two polygons - 
are proportional to the real bending mo- : 

ments acting in the arch.” . 
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As Prof, Eddy claims, this proposition 
supplies the hithertomissing link in’ the 
graphical treatment of solid or braced - 
arches. : 

In art. 84, see an equally general 
method, which doef not involve a demon- 
stration of this proposition, though 
identical with it in the construction, 


.ARCH WITH FIXED ENDS. 


28. Let the curve «ta (Fig. 6) which 
may be of any kind, be the neutral line 
of an arch rib. Divide it into equal 
parts (8 in the figure), and at the middle 
of these parts «0, .. . draw vertical 
ordinates y to'the axis of x, ua. The 
origin may be taken at either end of the 
Span in this case. : 
< Conecive the vertical loads to be ap- 
plied at the poipts «uv, . . . , of the 
intensities P,P... . . 

Lay off these loads to seale on the 
load line P,P, choose a pole o, and 
begitming-at some point v in the vertical 
kate! draw up, || ray VP, (it coin- 


‘cides wi hit in the Fig.) then Po P, |i ray 




















50 


P.P,, etc., to intersections with the verti- 
cals through a,, a,, etc. From the last 
point v’, so found, draw a closing line vv’; 
a line through o parallel to it would give 
the reactions of the arch acting as a 
girder with no en¢é moments, since wp,v’ 
is the equilibrium polygon for the forces , 
(art. 2). It will cOmduce to brevity to 
designate the curves or polygons that 
are marked with the same letter, though 
different subscripts, by that letter; thus, 
the curve aa,a,. . . a, will be called the 
eurve'a; similarly we have the polygons 
pand ¢. 

In order to find the true closing line 
for the arch acting as a girder, we have 
the conditions, art. 23, 

6 2M,.=0, SM.2=0. : 
© Lef nn’ be a trial closing line, then 
since the bending moments M, are pro- 
portional to the ordinates of the equilib- 
rium’ polygon, nvpu!n’, the first condi- | 
tion, requires, that the sim of the vertical 
ordinates through p, . ., py from in’ 
downwérds to pp=sum of ordinates 

« 


. 
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above nn’ to polygon pp. It is easily 
seen from the considerations of art. 4, 
that the bending méments are of differ- 
ent sign when the ordinates lie on oppo- 
site sides of the closing line. 


out we add to the akove equality, the 
: ‘um of the ‘ordinates intercepted between 
“ev, the line xn’, and the part of the 
polygon p below mn, we have the condi- 
tion that the sum of the ordinates 
included between vv’ and nv’ shall equal 
the sum of the ordinates from vv’ to 
polygon pp; hence if we denote the 
ordinates from vv’ to pp and nn’ respect- 
ively by p and , and the ordinates 
between nn’ and the curve pp by m, we 
. have, 





ma=p—n 


The second condition, ©M,a-toemay, 
be: written Yma=Jpe—Syex=0; which 
indicates that if the ordinates p and n | 
are regarded as forces, that the sum of 
their moments about an abutment are 

“equal; i.e. the resultant of the p's cedin- 
_ cides with the resultant of the n’,, sifice 


. 
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Sp=n, from the conditions Jm=o, as 
proved above. 

Therefore find the resultant R of the 
ordinates p regarded as forces, in posi- 
tion, direction and magnitude. This may 
be done by caleulgtion, or the graphical 
method given in art. 3 may be more con- 
veniently employed, In the latter case 
we have. only to lay off the ordinates p 
(4p was taken as more convenient) on a 
vertical line 18 precisely as we did P,, P,, 

. . choose & pole o’, then starting at 
p, say, draw the equilibrium polygon 
87654321 as usual. On prolonging the 
first and last sides, corresponding to up, 
and v’p, of the first polygon, to intersec- 
tion r, a vertical through this point will 
give the position and direction of R. In 
magnitude, R=Zp, as taken from the 
fore line. 

29. Now daw a line nv’ dividing the 
ordinates'n into two sets. Lay off the 
half of the ordinates (through each point 
of division 4,, @,,.. .) intercepted be- 
tween vi’ and vv’, as forces on the line 
8/51, gnd similarly find their resultant 
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T in position. Now the position of T is 
not changed when nn’ is changed, by 
revolving ny’ about v' through some 
angle: for all of the ordinates in the 
triangular portion vv’n are altered in the 
‘same ratio, as is shown in Geometry (see 
Chauvenet’s Bk. III, Prop. 8). 
It follows that T’, the resultant of the 
‘half ordinates included between nv’ and 
nn’, is ab the same distance from v’ that 
Tis-fromv.  . eee 
The problem then is this, having R in 
position, &c., and T and T’ in position 
only, what ave the real magnitudes of T 
and T’? 
Laying off r’=R, draw from some 
point 1 17 and Ir’. Next through some 
* point r’ on R draw 7’t|| 17 and rt’ Ir’ to ¢ 
and ?¢; aline 1s, drawn parallel to the clos- 
ing line tt’, divides 77’ into segments ¢s and 
sr’ equal to T and T’ respgctively. Now 
- if the load line 8'1’, which represents the 
trial T, is not equal to 7s, we must re- 
duce the length vz to vm in the ratio of 
- 81’ to rs, for then each ordinate in the 
triangle vu'n is reduced in this ratio? so 
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that’ their half sum will now equal 7s. 
Similarly the half sum of the ordinates 
in the triangle nv’n” (which can be taken 
by dividers) should equal 7's, if n’ has 
been accurately located. If not change 
vn’ to v'm’ in ratjo of 73 to the’half sum 
mentioned, when all the ordinates in 
triangle n’n’ will ke altered in this ratio, 
and hence their sum. Now the sum of 
similar ordinates in the triangle nv’m’, is 
the same as for the triangle mv’m’, the 
lengths being the same in either case ; 
whence mm’ is. the true closing line to 
satisfy the two conditions 2M, =o and 
2M.2=o0. It is well to test the first, by 
adding the ordinates to mm’ from curve 
p, and see whether the sum of those . 
above mm’ is equal -to the sum of those 
helow the same line. ’ 
e 30/ It is well also to choose the poles 
o’ and o’ so that the exterior rays will 
form atigles of nearly 90° with each 
other, as then the positions of + and ¢ 
can be determined more accurately. The 
ordinates were halved for the force lines " 
simplyrto economize space. When the _ 
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loading is symmetrical with respect to 
the crown (as for a uniform load, for 
example) the ordinates of the polygon p 
ave symmetrical about the center vertical, 
hence the-closing line mm’ is drawn par- 
allel to vv’, and is quickly fixed by the 
condition ©M, =o as before. The other 
condition SM,2=o holds also; in fact 
the: requirement that mm’ be parallel to 
vv’ is a consequence of this condition. 

31., Let us next fix the closing line 
kk, of the curve a, regarded as an equi- 
librium polygon, by the conditions, 
SM,=0, 2Mae=o. 

The resultant of the ordinates from 
the span line aw to curve @ passes 
through the crown in consequence of the 
symmetry of curve @ about the crown, 
algo the resultant of the ordinates from. 
span aa to k,k, (see art. 28), since then, 
the condition 2M,x—o is satisfied. But 
the latter resultant cannot passthrough: 
the. crown unless %,%, is horizontal. 
Therefore draw atrial &&; add, by the 
dividers, the ordinates below it to curve 
a, also those above it; their difference 
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(if dny) divided by the number of ordin- 
ates (8 in- this case) will give. the’ 
amount to raise or lower £é so that the 
conditions 2M,—09, is satisfied. 
32. We have now the condition 
2My=2(M.—Ma)y=o 
as the last one bx which to locate the 
curve.¢ in its true position, and determ- 
ine the true horizontal thrust of the arch. 
From the last equation we have 


(Mey) = (May) 


Now M, is proportional to the, ordi- | 
nates of curve p from its closing line mm’; 
those above it being regarded as plus, 
say, those below it minus. Similarly M, _ 
is proportional to the ordinates from kk - 
to curve a; both curves being supposed 

-to heve- the same pole-distance. Hence 
we sum the gbove products, and if the 
equality does not hold, we must change 
the pole-distance of curve p (which was 
assumed arbitrarily) until it does sub- 
sist. We can get the above sums, and 
thcir ratio, by calculation, by scaling off 
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the ordinates, multiplying y by its -cor- 
responding M, &c., but the graphical 
method is here vefy direct and even 
accurate. 

’ To employ it, for the object in view, 
draw a line yy’ (Fig. 2 lyg, and lay off 
from y the distances, yl, y2, etc., equal 
to the ordinates y ft a, a, ete, and 
draw lines || yg through 1, 2, ete. 

Next on a line || yg lay off in order the 
ordinates from £k to curve a. We have 
only laid off the ordinates at @,,a,, 4, a, - 
since the sum =M,y.is the same on the 
other side of the erown. Then choosing 
a pole o, and starting at some point ¢ on 
yg, Araw cl || ray cl, 12 || ray 12,.. . 4a 

ray 4a to intersection a with yg, also 
_ produce 32 to intersection 6 with yg, 
then art. 7, . 


=M,y=2H’(ab—dc)=2H" ac, 
on' making be’=be. ‘ 

Again, lay off on a line || yg, in order, 
the ordinates proportional to M,, inter- 
cepted between mm’ and polygons p. 
With the same pole distance H’ choose a 
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pole o; then sterting at g on yg draw 
gl || ray gl, ete.; and, produce the sides 
82 and 67 to-/ and ¢, respectively. Then 
we have, : 


IMey=H [ef (det fy] =H eh, 


if fh=de+ Sg, since H’.¢, by art, 7, is 
the sum of the produets Muy for the or- 
dinates above kk, and H’(de+/q) ; a simi- 
lar sum for these below. Hence laying 
off ao”=Bac’ and ae’=ch, since they are 
not equal, we must diminish the pole 





distance of polygon p in the ratio “ 


which thus has the effect of increasing 
. the ordinates from my’ to polygon pin 
, Tatio << » in order that the equality above 
‘may hold. Thus, to find the true pole 
distance, we lay off the assumed “pole® 
distance from o to the line P,P, of Fig. 6 
on “some line as ar Fig. 7 from a to r. 
On drawing ¢’s || c’r, the distance aa is 
“the true pole distance. Hence draw, a 
. horizontal line, through the point of jn- 
tersection of the line drawn through 
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o || mm’ with P,P, (Fig. 6), a distance to 

o” equal to. as Fig. 7). The reactions 
v and V’ are the samé as before, and since 
our actual closing line &,%, in position is 
horizontal, the left figure is the true force 
polygon corresponding to the Mos. . Now 
by art. 4, we have to elongate the ordi- 
nates from polygon p to mm in ratio 
ae Thus lay off the ordinate through 
P, (Fig. 6), from a to 8 (Fig. 7), draw 
c"8'||e’8 whence a8’ is the true length of this 
ordinate. Lay it off from line & on 8th 
ordinate downwards to «,. 

Similarly for the other ordinates of 
polygon p, so that the polygon cce,c,...¢,¢ 
may be located; or, if preferred, having 
found one point asc, in this manner, 
polygon ¢ may be. on by means of the 
force po.ygon O””— 

The extremities c ae e thus found, ss 
well as other points, should agree with 
those found by the first method: _ 

. 83. Now it is evident that the polygon 
c of Fig: 6, is identical in meaning with 
poygon ¢ of Fig. 5, as well as the 
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closing line; so that calling the pole-dis- 
tance from O””, H, we have the bending 
moment at: any point a, of the arch 
=H.a,¢; seo ete. 

This is plain, because polygon ¢ of 
Fig. 6 satisfies the aonditions 2M,=c, 
=M.2=0, and polygon a the conditions 
IMz=0, ZMar=o; evhence by subtrac- 
tion in connection with eq. 10 (art. 22), 
we have SM=o and EMx=o. 

Again from the last condition above, : 
we have, 5M,y—2M,y=2My=o. So 
that all the conditions given in art. 23, 
of an arch fixed at the ends, are fulfilled. 
"Tt. is well to test the ordinates of the 
‘type ac, to see if the three conditions 
‘re fulfilled. Thus the sum of the ‘do's 
above curve uw, should equal the sum of 
those below. ‘The sum of the products ~ 
Mz or ac.z above and below” cufive « 
should be equal; similarly for acy, &c. 
The taultiplications can be easily effected 
by the method of art. 32. 

Now ce is the true pressure curve of | 
the arch; é.¢, the reaction at the deft 
abutment is at ¢, and equals the lower 
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ray (VP,) through 0”, its componenents 
being V and H; similarly the resultant 
(=ray V'P, from O*”) at right abutment 
acts at c, its components being V' and H; 
so that the moments at these points are, 
H.ae, the distance ac being different. at 
the two abutment’ for an unsymmetrical 
load. Moreover we see that the curve'¢ 
is found by combining the resultant at c, 
on the left, say with the force P,, acting 
through the vertical at a,; this resultant 
with the force at a,, etc.; so that the rays 
of the force polygon O’’P represent, the | 
resultants in magnitude at the middle 
(nearly) of the corresponding divisions. - 
Thus, ray O”’—P,,P,, is the magnitude of 
the resultant, acting slong ¢,c, for the 
middle of are aga, &c. : 
On decomposing this resultant into 
E components, parallel and perpendicular 
“to chord a, we have the tangential 
and normal components T and N of the 
thrust acting at, or very near, the middle 
of the division a,a,; whence by art, 11, 
the greatest stress on any fiber may be 
fovad. Similarly for the other divisions 
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of the arc. It may be observed that in 
place of (Tp) in eq."4 (art. 11) we may 
substitute the corresponding (H.ae) the ae 
being taken at the middle of the portion 
of the arc ‘considered. We take the 
“middle,” if the loading is eontinuous, 
for the resultants giyen pertain to that 
point of the: arc where the load is sup- 
pored divided, as we see by analogy 
to the previous treatment of the Voussoir 
arch. - 

84, We shall now give a second gen- 
eral method of drawing the pressure curve 
¢, fig. 6, that involves only the proposi- 

* tions of Graphical Statics given in arts. 2 
8, 4 and 5 of this paper, with the remark 
‘ of art. 22. Let ¢ fig. 6, be the actual 
‘pressure curve, drawn with the force poly- 
gon O”’P,P,; thus satisfying the gondi- 
tions, EM=o, IMz=0, =My=o, for the 
arch fixed at the ends. Now if we draw 
a trial pressure curve p (which maybe sup- 
posed to occupy some such position about 
the arch as curve ¢, though it is drawn 
below for the sake of clearness of diagyam) 
with an assumed pole O, we know that if 
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this pole is afterwards changed to 0’”, 
that the ordinates of,polygon p are altered 
in the ratio of old to new pole distance. 
This alteration, we shall see, is determined 
entirely from the condition. SMy=o. 
Now M bang preportional to the ordi- 
nates of the type ac (art. 22, remark) if 
we denote the ordiaates from 1 some line 
as £,k, to curves @ and ¢ by ka and ke 
respectively, we have ac=ke—ka. ; 

It is seen that ke and ka are minus 
when laid off below kk, since then ac is 

, plus, when ¢ is above a, from the preced- 
ing equation, and minus otherwise; which 
must be so, the moments having different 
signs when ¢ is'‘on opposite sides of curve 
a. 

We have therefore Yac=3(ke— ka) =o 
and (ac. %)=2(ke—ka)x~o. Now if 
efor simp icity we draw &k, as in art. 31, so 
that Tha=o, and Zka: 2) =0, it follows 
that ZShe=o0, 3 (Ke. a)=0, also. Now 
polygon p is simply polygon e¢ out 
of position and with ordinates all altered 
in the same ratio; so that we must deter- 
mine a line mm’ that will satisfy the con- 
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ditions, “Smp=o, 2(mp.2)=0, which is 
readily done, as shown in arts, 28 and 29. 
As explained above, ordinates on opposite 
sides of mm! or kk have opposite signs, 
Lastly from 2My=e, we hgve = (acy) 
=2(ke—ha)y=o. : 


o Bey)=2 (kay) or (mp.y)= 30a) 


from which condition curve ¢ is drawn as 
explained in art. 32, the alteration of 
ordinates not affecting the conditions 
2M=0, SMx=o. y 

On drawing rays P,P,, P,P, parallel to 
Gey ¢,¢, thus found, we find 0”, the 
new pole, or better, the old rays, P,P, 
‘can have their inclinations altered in the 
same ratio as the lines p.p,, etc. This 
very general method applies te’ axches_ 
with hinges also, as well az the fixed 
arch, : 


APPLICATION TO YOUSSOIR ARCHES. 


‘85. It has been previously observed ° 
(art. 1) that, in certain cases, the tré\t- 
ment.of the voussoir arch falls under thate 
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pertaining to the solid arch. “In fact, 

conceive a solid stone arch in which the 

pressure curve ‘keeps within such limits 

that only the resistance to compression, 

of the stone is brgught into play... Now, 

if this solfl arch is divided up into any 

number of voussgirs, the joints being 

perfectly cut, the conditions are un- 

changed; since the change of direction, 

4a of tangents, at ends of a portion of 

the arch whose length is s, is the same in 

either case, this change being due en- 
tirely to the compression, on sny sup- 

posed joint, not being uniform, but uni- 

formly increasing in going towards one 

edge. The values cd=y.da, de=x.4a, 
of ‘art, 12, are thus the same in either - 
case, as well as the expressions for the 

totw: horizontal and vertical displace- 

ments following. 

It should be noted, however, that in 
the value for Ju, given by eq. 2, art. 9, 
that the uniform thrusts T, on the cross 
sgetioné, which shorten the entire arch, - 
are neglected. Its effect on the bending 
© is very slight, and is included, further on, ; 


* 
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under temperature strains, and we may 
assume, that for the youssoir arch, eq. 2, . 
represents the true value of 4a, and that 
Thas the same value as for the solid 
arch. It must not be supposed by the 
last hypothesis that the vousaoir arch 
can supply tensile resistances* we only 
use eq. 2, with the value of I as for a 
solid arch, as a very near approximation 
to the exact value of 4a in the case 
when no tensile forces are needed. 

The exact expression for 4a, including the 
effect of the T’s in shortening the axis is given 
in eq. (9), page 274 of Du Bois’ Graphical Sta- 
tics, It is seen from the following eqs. (12) and 
(18), giving values corresponding to our 34a, 


how slight is the influence of this shortening of 
. the axis. 


This value of 4a having been assumed, 
the resulting equations and conditions for 
the arch fixed at the ends are thetame as « 
for the solid arch; so that the’ treatment 
pertaining to the case just examined ap-. 
plies. . , 
36. Let us consider the segmental arch 
of 75 feet span, and 17 feet rise, given'in 
art. 48 of Theory of Voussoir Arch&s, 
&e. 
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In Fig. 8, is shown a slightly exagger- 

+ ated drawing of the arch with its load of 

8,000 Ibs. per foot, and the position of 

the pressure curve (as taken from a large 

drawing), corresponding to the maximum 

and minimum thgust in the limits of the 
middle third very nearly. 


Live Load 








The above curve then corresponds to 
the trial curve p of Fig: 6. 

If the greatest accuracy attainable by 
the graphical method is desired, the 
curves p and c (Fig. 6) should be drawn 
exactly as detailed in Voussoir Arches, 
whether we @re treating solid or voussoir 
arches, uniform or isolated loading. “ 

“This remark applies also to many caser 
‘yet to be examined. 

«Now the loading being continuous in 
Fig. 8, the pressure line is a true curve 
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so that after finding the centers of press- 
ure on the joints, a curve can be traced 
through them, by thé aid of some paper 
curves described with about the radius of 
the arch. 

‘We thus have a curve, which is almost 

exactly the equilibrium polygon p due to 
the continuous loading, . 
_ With this curve p, we proceed as 
before to find the true curve c. The 
arch ring was divided into 16 equal 
parts, and ordinates drawn through the 
center of each portion as in Fig. 6. 

It is found that the true curve «, 
differs so little from the curve first 
drawn, that it may be taken for it, in 
investigating the stability against rota- 
tion of this arch. Thus the statement 
made in the former treatise, that “it 
seems highly probable, that the actual , 
line of pressures is confined within’ such 
limiting curves, approximately equi-dis- 
tant from the center line of the arch 
ving, that only one curve of pressures 
cab be. drawn therein, corresponding, 
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of the thrust in the limits taken,” is veri- 
fied in this instance. : 

The similarity in the curves so. found, 
might have been anticipated from a con- 
sideration of the conditions JM=o, &&., 
especially the firsg. 

The above principle will be found of, 
utility in construgting trial curves of 
pressure. If, in any trial curve, the two 
conditions, 7M=0, !Ma=o, happen to 
be realized, we see from the previous 
construction (Fig. 6), that the third con- 
dition YMy=o only involves a change in 
the horizontal thrust, together with a 
change in the length of ordinates, from 
the line 4,4, to the curve c which is 
readily effected. . 

87. The theory pertaining to solid 
arches is only applicable to voussoir 

-arches, when the actual curve of press 
- ures lies in the inner third of the arch 
ring—the face of the voussoir being 
rectangular—with no mortar joints, the 
stones, moreover, fitting perfectly before 
the centers are struck. It is- approx- 
iniately true for thin mortar joints 
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(7; inch, say) that are allowed te harden 
before the centers aré struck, the mortar 
being of the best quality. 

The above seems to be the most exact 
solution of the stone arch for the cases 
assumed that has yet*been proposed ; 
though it seems scarcely necessary ot 
enter into it in testing the stability 
against rotation of such an arch, since 
this cannot happen theoretically, unless 
the arch ring is s6 small that only one 
curve of pressures can be drawn in it; so 
that if only one curve of pressures, even, 
can be inscribed, in the middle third say, 
although it may not be exactly the true 
one, yet it would indicate that the arch 
was stable, since it cannot fall until all 
‘of its cases of stability are exhausted. 
If, however, we desire to know whether 
the limit of elasticity has been ‘passed in 
any voussoir, then the construction for 
solid arches, if applicable, had best be 
made; and the maximum strain sustained * 
by any “ fiber” be determined by the ust 
of eq. (4), art. 11. 

' 88. It is evident that conerete arches, 
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fall under the same treatment as solid 
arches of iron or other material. For 
such arches the question of strength is 
the only one necessary to consider, un- 
less the stability of a pier or abutment 
is in question. © 

The spandrels of concrete arches, al- 
though generally built open, are never ° 
theless constructed as a part of the arch 
proper, the whole constituting one mon- 
olithic structure. The effect: is to modify 
the previous construction somewhat, 
though possibly on the side of safety. 
The same remark applies to any spandrel 
bracing in iron, ete., arches. 


LOADING——VaRIATIONS IN EI, Eve. 
_ $9. Let us again refer to Fig. 6, and ~ 
consider the character of the loading, a8 
“ well as the design of the arch, with ref- 
erence to the most accurate construction 
of the curve of pressures. 
_ If the loads bear at the isolated points 
Gy, Ay vers the nioments at one of those 
peints equals, H xae, ac being the vertical 
distance between the two curves a and ¢ 
“_- at this point. 
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But the object is, to ascertain approxi- 

mately at each pointy a,, a@,,.., the aver- 

age moment, M on the part of the arch 
s, of which that point is the middle. 

The above construction is thus only 
approximately true, siff?ce the ordinates 
at the points a, a, . . are generally 
greater than correspond to the average 

" M mentioned. 

Now it is by no means necessary to 
suppose the loads as acting at the points 
a, @..; in fact, it is generally most 
convenient, to suppose the loads as act- 
ing at the same horizontal distance apart, 
as actually happens in most iron arches 
with open spandrels. 

_ Eyen. with continuous loading, the 
ordinates ae do not give a good average. 
for the part: s, when the loads gre ‘sup- 
posed to bear at a,,a,,.., or at uniform * 
distances apart measured along the are, 
the true pressure curve passing slightly 


Fj below the apices ¢,,¢,,.. The above re- 
marks of course apply equally and pri- 
marily to polygon p. « 


Therefore, it is generally best, to draw, 
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polygon p (or curve p, if the loading is 
continuous) by supposing the loading ap- 
plied at other points than @,,i,,..; when 
the parts of the ordinates, drawn through 
4... , intercepted between vv’ and 
curve p, will give she lines proportional 
to M, more correctly than before. The 
residual small error*ean only be diminish- 
ed by increasing the number of divisions 
of the arc, which remark applies in all 
cases. 

40. If in place of dividing the are into 
equal parts, we divide the span into 
equal parts, « in eqs. (7), (8), (9), &e., is 
no longer constant; so. that if E and I 
are constant, the conditions for an arch 
fixed at the ends would become, 

*Ms=o0, *Mas=o, SMys=o. 
Similarly for the supposed girder and’ 
‘arch actingas an equilibrium polygon: 

If we divide the above equations by the 
horizontal distance between the loads, we 
see that each M must be increased in the 
ratzo of the secant of the inclination at 
the point, in these, and the auxiliary equa- 

Zions, similar in form to the above. Thus 
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in Fig. 6, the ordinates of polygon Ps aB 
well as of curve @, must be increased in 
this ratio, after Which the preceding 
methods apply i in finding the position of 
mm! and k,k,, as well as the horizontal 
thrust. 

This method introditces one advantage, 
with the several disadvantages: the con- 
sideration of moment areas in place of 
the single ordinates, since these ordinates 
are now proportional to the areas included 
between them and the equilibrium poly- 
gon. 

41. If the quantities E and I of eqs. 
(7), (8) and (Q) are variable also, we may 
divide the span into equal parts, and 
after drawing polygon p, alter the ordi- 

* nates from the closing lines of p and a 
in the ratios, s--EI, or in ratios. propor- 
tional to these variable ones. , 

42. Now it frequently happens. that 
the arch is increased in size towards the 
abutments, on account of the increased 
strain as we near the springings. If the 
ratio s+EI is constant for each length of 

’ the arch, having the same horizontal yro- 
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jection, then it is not necessary to alter 
the lengths of the ordinates of curves p 
and a, and the previous construction 
holds, when the span and nét the arch is 
divided into equal lengths. This hypo- 
thesis (s~-EI constant) was adopted by 
Prof, Greene in h%& analytic treatment of 
the parabolic arch in Engineering News 
for 1877, and is thé basis of all graphical 
constructions founded on a division. of 
the span into equal parts when the ordi- 
nates p and @ are not elongated, as note 
Prof. Eddy's treatment in “New Con- 
structions in Graphical Statics.” For 
very flat arches, even when E and I are 
constant, this method is sufficiently eor- 
rect. It will be illustrated further on. 
43. When E and I are variable, in 
place of the construction of art. 41, we 
may divide the are into parts of such 
length, that s+-EL-is the same for each 
length. ° 
_ The division of the neutral line of the 
arch may be made by trial. Thus lay off 
a length s from the crown; change this 
(ganerally an increase) for the next 
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length in the ratio of EI for the two 
portions; similarly for other portions. 
If the last division does not exactly reach 
the springing, but leaves a small interval 
d, we should increase the length of the 


first division by g 7 , gvhore s represents 


the length of the a division, and 8 the 
length of the are from the: crown up to 
the interval; each division is likewise aug- 


mented in this same ratio of (s+ a) to 


s=1l+ $ the changes in EI for the same 


division being disregarded. The total 
increase is thus d@,-so that the last divi- 
sion.just reaches the springing; and the 
are is now divided so that, s+EI is the 
same for each length. In arches, the sizes 
of the pieces do not vary so much, that 
the variation of E néed be, regarded, 
however different this may’ be in contin- 
uous ‘bridges (see Bender's Continuous 
Bridges). Yt was included above, so 
as to present the subject in its most 
general form. We thus see how remark- 
ably general this graphical metho: is: 
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enabling us, with the same ease, to treat 
any form of arch, with varying section 
or otherwise, loaded in any conceivable 
manner. i 

44. The positions of the live load, 
causing maximum strains in the flanges 
and web of an exch, can be found by 
treating separately each weight and then 
combining, for any piece, the maximum 
strains that can be sustained by it for 
any disposition of thé load. For a 
single weight the pressure curve or 
polygon becomes two straight lines as 
in Fig. 5, so that polygon p in Fig. 6 is 
quickly drawn, when the construction 
proceeds as before. 

It Will be observed that for the same 
arch the positions of T and T’ are the 
same for each weight, so that it is 
unnecessary to draw the polygon 1’2’..8’- 
but once. Similarly in Fig. 7, the con- 
struction for the curve a, holds for all 
the weights, as also the position of the 
clositig line &, &, (Fig. 6); so that the 
constructions are thereby simplified. 


= 
FLAT ARCHES. 


45. When the arch has a small rise 
compared with the span, it is evident 
that on dividing *the span into equal 
parts, drawing ordinates, &c., that these 
ordinates will almost goincide with those 
found by dividing the are into equal 
parts as previously done. When this is 
the case, the following neat constriction 
applies: i 














80 


Let a, a a, (Fig. 9) be the neutral line 
of a circular arch rib of 68.’404 span, 
6.'03 rise and 100.’ fadius, the half cen- 
tral angle being tlegefore 20°... Divide 
the span into 16 equal parts, and at the 
middle of every division erect ordinates 
as shown by the dotted lines. : 

The arch is so flat that it is best to 
increase the length of the ordinates, say 
four times, so that the neutral fine takes 
the position’ 1, 2,.... This simply in- 
volves a corresponding decrease of } in 
the pole distance in curves a and ¢ 
according to art. 4, as we shall see more 
clearly as we proceed. 

Let a single weight act at c, repre- 
sented in intensity by the vertical PP’. 
Assume some point as o for a pole; then 
from some point vin the vertical through 
a, draw up || oP’ to intersection p with 
the verticd: through ¢, then pv’ || oP to 
intersection v’ with the vertical through 
a,; also draw the straight line vv’. We 
have first to find the true closing’ line 
min’ from the two conditions SM, = 0, 

Ik, «= 0. Now since the span has been 
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divided into equal parts, the ordinates 
from nun’ to polygon upv’, that are pro- 
portional to M,, are,also proportional to 
the areas of the trapezoids of which they 
may be considered the medial lines, the 
horizontal altitudes, 4 being supposed the 
same. Now if we suppose the number 
of ordinates indefinitely increased, hEM. 
above and below mm’ approach the actual 
areas of the triangular spaces included 

. between 22m’ and vpv’ as near as we please. 

' Hence the most accurate result attainable 
by the graphical method, in this case, is 
when we employ moment areas in place 
of the corresponding ordinates. The 
same remark applies to curve a regarded 
as‘an equilibrium polygon. : 
46. Reasoning as before, the condition 

* JM,.=o0, indicates that the sum of the 
areas vmn and v’m'n’ must equal the 
area npn’. Adding to both sidés of this 
equality, area unn'v’, we* deduce, area 
vmm'y' = area ypu’. Conceive a line 
“drawn from m to v’ dividing ymm’v’ into 
two, triangular areas. Their centers of 
gravity are on the verticals T and J’, 
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drawn } span from a, and a, respectively. 
Draw a straight line from p to the mid- 

* dle wu, of vv’; the ceater of gravity of the 
triangle vpv’ is at 4gu from u; the ver- 
tical R passing through it. The condition 
=M,=~o is satisfied when the sum of the 
two triangles coniposing vinm’v' is equal 
to the triangle vpy’, and YM,2=0 when 
the common center of gravity of the two 
triangles coincides with R, the reasoning 
being similar to that of art. 28. 

These triangles having the same alti- 
tude, the span, are proportional to their 
bases vm, pg and v’m’.. Therefore let 
pq represent the large triangle; from 
some’ point was a pole draw ug and up; 
then, say from the intersection of gu 
with R at + draw rt and rt’, parallel to” 
up and ug respectively, to intersections ¢ 
and ¢’ with T and T’. : 

A line ws!l¢’, divides pg into two parts, 
ps and sg, that are equal to the true 
values mv and m’v’. This is evident, 
because if ps and sq are forces acting 
aleng T-and T’, then by the construction 
of«the equilibrium polygon trt’, we see 
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that R=pg, acting through r is their 
resultant. Thus the first two conditions 
are satisfied. We may now draw a line 
through o parallel to mm’, to intersec- 
tion with PP’, which thus divides it into 
the two vertical components of the reac- 
tions. ° 

47. We proceed now for the exagger- 
ated curve of the arch 1, 2,... exactly as 
before, and thus locate the position of 
the closing line kk, ~ 

In finding May and SM_y, as in art. 
32, it may prove a convenience, to lay 
_off the ordinates, proportional to Ma, or 
to M,, along the line oP already drawn; 
then on drawing horizontals through 1 
and. 16, 2 and 15, ete., and choosing ® 
pole as a, we proceed as in art. 32 to find 
May. This product having been found 
and laid off, the construction pertaining 
to it alone may be erased.- ,On the line 
oP, or a parallel line, and the sume pole , 
distance, fnd the product 2M.y as be- 
fore. The moments M, are proportional 
-to the ordinates intercepted between 
mm’ and upv’, as in the previous case. 

It is of course well to ink all the lines 
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that are to be used again, for another 
position of the load, which can appropri- 
ately be done in red, or blue ink, to con- 
“trast better with the grey pencil lines. . 

48. From the construction last men- 
tioned, we find that the ordinates of the 
equilibrium polygon p have to be elon- 
gated in the ratio of k,c, to um; and the 
pole distance is decreased-in the inverse 
ratio, Since the closing line #,k, is hori- 
zontal, we drew a horizontal through the 
point of PP’ that separates the vertical 
components of the reactions to o’, the 
new pole distance. 

On elongating the ordinates mv, m’v', 
the proper amounts, and laying them off 
from 4, and &, to c, and ¢, respectively, 
we find the pressure curve ¢, ¢ ¢,, by - 
drawing ¢,cljo’P’ and ¢c¢,, which last 
should be parallel to o’P. The point ¢. 
may also be found by elongating the 
ordinate at poto mm’ and laying it off 
above &,k, toc. On drawing lines from 
P and P’ parallel to ¢,¢ and ce, we find 
the pole o’, which should agree with the 
firat determination; though very slight 
errors of this kind may be neglected. 

— 
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The ordinates may be changed by 
proportional dividers if at hand, or in 
the usual geometrieal manner. When 
the lines are inconveniently short or 
long, take multiples or fractions of them. 
Tf one of the ratio lines is changed in 
the same proportion ‘as those laid off 
along it, the result will be the: same, in 
finding the true distance on the other 
ratio line. 

49. The previous constguction gives 
the reactions o’P’. and o’P acting at 
their points of application ¢, and ¢,, 
which is all the data required to ascer- 
tain the strains in the arch due to the 
load at c, as we shall see further on. 
The actual reactions for the real arch 
a,aa, correspond to a horizontal thrust 
four times as great as the above, the 
distances @,¢, a,¢, being diminished 
one-fourth, and are given bglow for. va- 
rious positions of the load, as found from 
a large acale drawing of 4feet to the 
inch. 

Let @ denote the half central angle, or 
the angle between the radii at a, and a, 
or a, and a. Let § denote the angle 


86 


from the vertical radius through a to 
the load at the neutral axis, measured: at 
the center of the arc. 

In the above figure we have taken the 
isolated weight PP’ equal to 10 tons, 
a=20°, and radius=100 feet, span 68.4 
and rise 6. feet of the center line of rib. 

We find by careful construction on the 
large scale drawing, the following values, 
for the vertical component V of the reac- 
tion farthest from the load, the hori- 
zontal thrust H and the distances a,c. 
and a,c, these distances being plus wher 
laid off above a, OF a,. 

















H Gy Cy A9Cy 

Tons. Feet. Feet. 

27.08.) -10.87.. | 10.87 
(26.69) | (0. 8) (0.82) 
*, :..8.58..|..24.60..| 40.1... | 41.89. 
| Bo) | (24.56) | 0.2) (1.36) 

8°.1..2.16.5 | 18.8 ..| —1.95,. | +1:8 
| @.13) | ti8.7 a. 32) (1.74) 
ie laa. Lite... | 2.15 
+ 1.0) | 0.8) 3 $8) } (2.02) 
16°. 0.29. 1.8.4 ..j-11.0.. | +1182 
“1, 1.27) | (8.88..] (3-0) (2.25) 
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The numbers in parenthesis give the 
corresponding values obtained from Wink- 
ler’s table mentioned below. We thus 
perceive in this case what reliance may 
be placed in a graphical solution, which 
was quickly made and not revised. 

There were only 16 ‘ordinates dawn, 
asin fig. 9; but with a greater number 
the result may be made as accurate as we 
wish, although the labor of construction 
is increased very much by using a large 
number of ordinates. Still there seems 

_ no other way of reducing error, especially 
for the loads near the abutments. The 
use of moment areas, as shown in Fig, 9, 
involves but little approximation in prin- 
ciple for flat arches but in establishing 

_ the closing lined,4, and the equality >Muy 
=2M,, we are forced to use the ordinates 
in place of moment areas, which process 
involves an approximation whih is nearer 
the truth the greater the number of ordi- 
nates. c 

50. Having found the reactions at the 

abutments for a number of loads, the ro 
sultants of these reactions must be % 
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equilibrium with all the loads; so that if 
we find their position at the abutments, 


on combining one Of these resultants with 
the loads, the final resuliant should be 


equal and directly opposed to the 
resultant found at ‘the other abut- 
ment. Moreo¥er, on the principle 
that the moment of the resultant is 
equal to the sum of the moments of its 
components, the moment at any point of 
the arc is the same whether we find the 
moments due to each single load, as above, 
and combine them, or whether we combine 
the reactions for the several loads into 
one, at each abutment, draw the result- 
ing pressure curve and find the resulting 
moment at the point of the arch con- 
sidered. : 
To find the point of application of this 
resultant reaction at one abutment, re- 
solve each reaction due to a single weight 
into vertical and horizontal components. 
The former pass through the end of the 
arch, and produce no moments about it. 
* Hence taking moments about this point, 
rve find the point of application of the 
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resultant reaction below or above the 
springing, equal to the sum of the mo- 
ments of each horizdntal thrust divided 
by the sum of the horizontal thrust. If 
now we draw the pressure,curve from the 
point thus found, the horizontal thrust 
being equal to the sum’of the thrusts due 
to each single weight, this new pressure 
curve will satigfy the conditions of an 
arch fixed at the ends: for the separate 
pressure lines for each weight satisfies 
the conditions 2m=o0, Smx=0, Zmy=o, 
2m'=o &e., mm’, &e., being the mo- 
ments at the points @,,7,,..; hence the 
resultant pressure line will satisfy the 
‘conditions SM=o &c., where M at any 
point is equal to the sum of the m’s at 
“that point (as just shown), as we find by 
simple addition of the eqs. for the sepa- 
rate weights. It is on this pringiple that 
we are enabled to considgyseparately 
the stresses due to loads, temperature 
etec., etc. 

51. We see from the foregoing table 
that the horizontal thrust diminishes 
as the load is nearer the abutmént: 
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It is well to assume such poles, that the 
ordinates M, are of a convenient length; 
the pole being taken nearer the abut- 
ment as the load approaches it. 

52. For the exact analytical treatment 
of the cirewdar arch, the reader is re- 
ferred to DuBois’ Graphical Statics, pp. 
271 to 311. The exact formulae for the 
distances a,c, and «,¢, are given on p. 
297, being due to Winkler. 

On substituting the values of M,,H and 
V taken from Winkler's tables, the term 





k= Levnere Tis the Moment of Inertia 


of the constant cross section, A its area, 
and r the radius of the circle) being dis- 
regarded, we have the following table, 
for the quantities «, 6, and «,¢,, distances 
measured above the springs being plus, 
In the table, ais the half central angle, 
and / the “angle from the crown to the 
load given in terms of a; A is the rise, 
all veferring to the neutral line of the 
rib: : 
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Values of ¢,=@,¢; 


er re 7 
f °4=10°| 2=20° | a2=30° a=40° 





0 + .1343] + 1870 | + .1417 
2 + |0008} + 0034 | + .U072 
‘4 — 1g9t7] —. 2196 | — .2167 
6 — .6667; — .6655 | * .6646 
8 


—2.0020) —2.0015 — 2.0148 


+ 1488 
T lois 


— .2106 


-- .6621 


—2.0142 





a et 





Values of cy=agey 











f |a=10° | 
1 + + 
O | .1348 | .1870 1417 
«2 | .2282 2262 2307 
4 2869 2806 2948 
6 8345 3371 3422 
8 8716 +BT48 8795 
ch Tae ae 








La 








Each of the members in #table must 
be multiplied by /, the rise of the center 


line. 


The approximate formule” given (p. 261)" 
for @,¢, and @g¢q, do not agree with these neajly 
exact values (k being very small) and are prob- 
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ably erroneous,* as might have been anticipated ; 
since the term involving & is of undue import- 
ance. With very extensive tables (which 
would of course involve great labor in prepara- 
tion) the solution of the solid or braced arch be- 
comes a very simple matter. By interpolation, 
the preceding tableg may be made to do good 
service. In the chapters just quoted is also the 
equation of the locus of the point ¢ (Fig. 9). 
With the points ¢,, ¢ and ¢, thus found, the 
reactions are determined completely, so that the 
complete solution of the solid ur braced arch is 
thus effected with great ease and rapidity by 
this combination of graphical and analytical 
methods, 


53. Having found the reactions and 
their point of application for each single 
weight acting on the arch, we find, as in 
art. 11, or art. 82, further on, the strains 
in every division s, both of flanges and 
web and tabulate them. From such a 
table, wereadily find the position of the 

ial 


* Thave verified the exact formulae given in the first 
four chapters of Supplement to Chap. XIV of DnBouis’ 
Graphicai Statics [save that Bg on Page 284 shonid equal 
{4-@ cos®a) in place of (2 a cos%a)], bat not the tables ; 
so “hat I cannot vouch for the last two tables given, 
tho#izh I believe the tables on which they are founded to 
be correct. 
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live load that causes maximum strains in 
any part of the arch, and can thus tabu- 
late them. ‘For illustrations of this 
method of treatment see DuBois’ Graphi- 
cal Statics, p. 874 and on. 

For the voussoir arch, this determina- 
tion of maximum stresses is not of so 
much importance as finding those posi- 
tions of the loads that cause a maximum 
departure of the curve of. pressures from 
the center line at various points. Prof, 
Greene, in Engineering News for 1877, 
‘p. 178, has given a table of actual mo- 
ments at19 points of asolid parabolic arch; 
due to a single load, placed successively 
at each point of division. As he states, 
-“the greatest possible positive M, as well 
as the greatest possible negative M, for 
any combination of weights, occurs at 
each abutment; positive im“m when 
the span is loaded from theGther abut- 
ment to and beydnd the center one or 
two points”(é.e., yy to yf of the span); 
“negative when the other portion of the 
span is covered.” This position of the 
load for the circular arch may be inferred 
from the preceding tables for c, and c¢,. 
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Ina parabolic voussoir arch, in which 
no joints open &e., we must therefore as- 
sume the uniform live load as extending 
from one abutment about six-tenths, or 
slightly less, of the span, as an approx- 
imation; though it is possible that other 
positions of the live load correspond- 
ing to a less hoizontal thrust, may cause 
the pressure curve to depart even farther 
from the center line, than the position 
just mentioned. This can only be deter- 
mined by trial. . 

The same remarks apply to flat circu- 
lar arches: in fuet it may be well to test 
any style of arch by first supposing the 
live load to cover about half the span 
from the abutment. 


TEMPERATURE STRAINS. 


54. Ityis usual to class under this 
head, straitimdue to a change of temper- 
ature above or below the temperature at 
which the arch is finished, (supposing 
all parts then to fit accurately); as well 
as%trains due to the components T(art.9) 
tangential to the rib that- compresses it, 
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and cause it to be suited to a less span 
than it is fitted to; together with strains 
due to an actual lengthening of the span 
due to tle compression. 

Denote the temperature at which there 
is no strain in the arch due to tempera- 
ture, as the mean temperature; and the 
greatest deviations from this, above or 
below, by +¢ and —4. 

Denote the expansion of the metal for 
a unit of length and one degree by «. 
The total change of span is then Jet, 
denoting the span by 2. 

This tendency to a change of span 
being resisted by the abutments, causes 
a horizontal thrust or tension there. 
Since for the arch fixed at the ends, in 

_ direction, &c., there will also be strains 
in the flanges at the abutments due to 
this change, there must also be a couple 
at the abutments to produc fs effect. 

Thus in _Fig. 10, representing half of 
the arch, supposes horizontal force H acts 
at 4; conceive two horizontal and op- 
posed forces, each equal to H to act atw. 
This does not disturb equilibrium, But 











Fig. 10. 


I 
4 
cit 
U 


N 


effects a transfer of H to a (where it 
must be sustained) and adds the couple 
H.ak. I the arch is symmetrical about 
the center, tse same condition of affairs 
must exist at the other abutment, so 
that: the force at & must act along the 
horizontal &%,, as was assumed. 

This follows again from the condition 
used to fix the tine £k,, which is, that the 
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total change of direction of tangents, in 
going from one abutment to the other, is 
zero; i.¢., if.E, I and s are constant, we 


must have 
=M=o, 


which gives the same position to the line 
&k, as found in art, 81. 

Therefore having divided the half are 
into any number of equal parts (8 in the 
Fig.) and drawing ordinates a,b, a,b... 

- through the centers of each part, we 
have the moment at any point, as 
@,=H.a,k,, ete; the moments changing 
sign on opposite sides of 4é,. 

55. The object now is to find H. 

The effect of the change of tempera- 

* ture is to produce a virtual alteration of 
span (this being small), so that (eq. 8) of 
art. 13 must be satisfied. We have then, 

8 
Aslt=25, 2MGF 
the summation >My being taken from 
the center to one end, it being the same 
for the other half of the arch. < 
The moments M, atthe successive 
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points «,, a, .., we have just seen, are 
equal to products of the type (H.uk), 80 
that the preceding eq. becomes 


H(aky =i 


Tf the known quantities A, I, 8, ak and 
y are given in feet (say) in true or real 
dimensions, and E in tons (say), then on 
forming the above sum, and solving the 
eq., we find the value of H in tons, If 
E is given in pounds, then H is likewise. 

56..The sum of the products Sak.y, 
may be found by calculation or graphic- 
ally as previously shown. The follow- 
ing familiar graphical construction (see 
Chauvenet's Geometry pp. 120, 137) isa. 
good one when the segments are not 
too dissimilar in length. F 

1/. For the part below ks, describe 
circles on Park, Day 28 diameters; the 
intersections of the Torisontels through 
@,, 4 .. with these, give the lines 1, 2,.. , 
which measured to the scale of the arch 
and squared, give the products «&,.0,4,, 


ys 


ak, 6,4, ete. @herefore in the Fig. just 


aay 
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below this part of the arch, draw 2 per- 
pendicular to 1, of the lengths above; 
the square of the’ hypotenuse of the 
right triangle is equal to 17+2% Next 
draw 3 perpendicular to this hypotenuse, 
we have then r°=17+27+37, 

2/. Next consider tiie part of the arch 
above kk, Onda, ba, ..., a8 diame- 
ters describe circles; from their intersec- 
tions with £k,, draw lines to ay ay. ..; 
and denote the lengths of these lines by 5, 
6...; then as before find s*=the sum of 
their squares. 

3/. Draw a perpendicular ¢ to of such 
length that s is the hypotenuse of the 
right. triangle whose three sides: are 7, 8 
_ andt Then ?=s'*-'=Zaky. Hence 

measure ¢. to the scale of the arch and 
square the number found, which square 
is thus'equel to 2ak.y required, whence 
| H may ‘be found from Ae preceding 

equation. 
Example.—Let the span of the arch 
be 518 ft., the rise 51.8 ft., EI=39,680,000 
. foot tons, and Jet=:0.2735 feet (e is taken . 
as .000012 for 1°c), ¢ hging 44°c (aout 
80° Fahrenheit). 
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On dividing the semi-areh, drawn to a 
scale of 20 feet to the inch, into sixteen 
equal parts, and proteeding as before, we 
find = @g’= 3944. = 2akys whence 
H=82.4 tons. 


The analytical forpaula (see Du Bois’ Graphi-, 
cal Statics, p. 302, eq. (66), omitting the term &, 
which is extremely small (less than xstoy for 
the middle span of the St. Louis Bridge) gives 
H=81.9 tons, on substituting in it, a=.3947358, 
sin a=.3845639, cos a=.9230984 and r=673, 4; 
a in degrees is put at 22°37. 


57. When E, I and s are variable, We x, 
may pursue the treatment of art. 41; te, 
alter the distances k,,, etc., for a trial 
line &%, in the ratios s-EI. After the 
position of kk, is obtained we proceed 
as before, using the altered ordinates. 7 

An fact, the preceding equation must 
now be written, ‘ 


ays. 
EI 


ka being the ordinates to the arch from 
the,closing line. Now we see from this 
equé.tion, that atpach point @,, a,, . ., that 


he 2H. 
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ka being multiplied by wv changes the 


ordinates in the ratid before stated. 

Now if EI is greatest, nearest the abut- 
ments, the changed ordinates ka become 
Jess there proportionally; so that the line 
kk, is raised above its normal position, 
whence the = above may beless than before 
andH greater. This was thecaseattheSt. 
Louis bridge, the true horizontal thrust 
due to temperature being 104 tons, the 
varying cross section being considered.* 

58. We have seen that the strains due 
‘to a change of span, real or virtual, result 
from a horizontal foree H at «, and a 
couple H.ak also acting ata. A rise of 
temperature, producing a virtual short- 
“ening of the span, the force H at « acts 
towards 4. On the contrary, for a fall of 
temperature below the mean, or the elas- 
tic shortening of the arch due {6 the tan- 
gential forces, or for an actnal lengthen- 





» The entire construction above for finding 11 differs 

essentially from that given by Prof. Eddy in Researches in 

+ Graphical Statics, which is believed to be erroneous,.p8 

also the determination of temperature strains forsthe' 
other arches treated by him. 
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ing of the span the foree H at a acts to- 
wards the left. The couple H.aé is in 
the first case right handed; in the 
second case left handed. We see easily 
that the moment, at any point a, 
=H.ak'-H.a),=Hk,a, 

as was asserted. In fact we must con- 
ceive two opposed horizontal forces each | 
equal to 'H, at a,, ove of which, with the 
force H at a forms the couple, whose mo- 
ment is Hya,6, as above. This gives us. 
finally the moment H,a,f, at @,, togethet” 
with a single horizontal force H, acting: 
to the right or left according as H at @ 
acts to the right or left. This force can 
bd resolved into tangential and normal 
components at a,,a,, etc.; from whence . 
the final stresses can be found as usual. 
Tf more convenient a single force H, act- 
ing along kk, may be used, being the re- 
sultant in position of all outward. forces 
acting on the arch, and the strains in the 
flanges determined by taking moments 
®out suitable apices. 

"59. If preferred, the force H due to 
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temperature, compression, &&., may be 
combined with the reactions due to any 
system of loads, according to the princi- 
ples of art. 50; the resulting pressure 
curve, with a pole: distance equal to that 
due to the loads, plus H, is then the true 
one by which to determine the strains in 
any member of the arch. In this way is 
included the effect of the components T 
(art. 9), hitherto neglected. The sum of 
the horizontal projections of the shorten- 
ing of each part s of the are, due to T, 
which is easily computed is the virtual 
change of span. 

If the strain f, per square unit, due to T 
alone, is supposed approximately the 
same on each cross-section, the change 

* of span is (g L ); where E is the modulus 
of elasticity and L the span, from which 
the resulting strains are readily found. 
This is generally a sufficient epproxima- 
tion. 

The strains due to temperature, 
change of span, &c., are very large, 
requiring the most accurate fitting of 
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the arch members. By diminishing the 
proportionate depth of arch; or using 
a material, as steel, .with a high 
modulus of elasticity, these strains may 
be diminished. 

60. We have treated the arch “fixed at 
the ends” with some detail, since its 
solution includes, to a great extent, that 
of arches with hinges. The latter will 
now be considered, as briefly as is con- 
sistent with clearness, avoiding, as much 
as possible, repetitions of the same con 
struction. 


ARCH FIXED AT ONE END AND HINGED AT 
: THE OTHER. 


G1. Let Fig. 11 represent an arch fixed 
in direction at B and jointed, or free to - 
turn, about the point O at the other 
abutment. We have taken the point O 
outside of the neutral line aa, as this 
presents the most general case. In fact, 
when for an arch with flat joints at both 
ends, for any loading, the pressure,curve 
passes outside of the arch at one abut- 
nient, when treated as an arch fixed at 
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the ends, the arch there will rotate about 
the edge of the joint, at O, nearest the 
pressure curve; and must be treated as 
an arch fixed at B and jointed at O. If 
the pressure curve thus found, however, 
passes outside the joint at B, then the 
arch must be regirded as hinged at both 
ends for the load in question. If the 
pressure curve for the arch fixed at the: 
ends passes outside of both joints B and 
A, we next try the pressure curve for 
the arch fixed at one end (the end where 
the pressure curve is nearest the neutral 
line), and if the resulting curve again 
leaves the arch ring at the end supposed. 
fixed,fthen the arch falls under the head 
of the “arch hinged at both ends,” the 
points free to turn, lying on the abutment 
joints nearest the pressure curve. (See 
Mr. Pfeifer’s article in Van Nosrranp’s 
Maaazise for June,’ 1876, p. 494.) If the 
arch is firmly bolted to the abutments at 
the ends, so that the connection can ex- 
ert sufficient tensile resistances, as in the 
St. Louis bridge, there can be no rocking 
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properly treated as fixed at the ends in 
all cases. It is evident how convenient 
the graphical.method is in determining 
the special case to be treated even when 
the analytical method is finally applied. 

62. The arch, Fig. 11, is taken of the 
same proportions and divided up in the 
same manner as Fig. 6, The true press- 
ure curve ¢ is shown by the- dotted line, 
the force polygon being 018 on the left. 
We shall presently show how to draw 
this curve. Granting that it is the true 
one, it possesses some peculiarities, well 
to note, about the point 0, through which 
the right reaction of all the loads must 
pass in the direction ¢,O. On combining 
this reaction (ray 1 P on the left), with 

- the load at a,, we get the resultant (ray 

12), acting along e, ¢,, on the part of the 
arch a,a, and so on. Hence ¢,e, does 
not pass through O. ef 

We draw the equilibrium polygon e, as 
in Fig. 6, with an assumed pole 0’, ex- 
cept that at c,, the direction of the reac- 
tion, or ray 1° P, is produced to interseg - 
tion N with tite vertical through O. 
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If we draw NN’ as a trial closing. line, 
and suppose forces F=o'P(o'P being 
parallel to NN’) applied at N, N’, ¢, and 
V,as in Fig. 5 parallel to ‘NN’, we see 
that ccNN’ is the equilibrium polygon 
due to the weights, with moments at B 
and a, proportional to VN’ and 2,c,. It 
is seen that at each apex, N,¢,,¢,,..V,N’, 
we have forces in equilibrium. 

On conceiving the polygon cut about 
N, &c., as in art. 4, we see that the mo- 
ment at N is zero, as we desire it to be. 

The moment at B, necessary to fix the 
end of the urch, acting as a girder, is 
equal to H.N’V, H being the horizontal 
thrust corresponding to a poleo’, and N’V 
having its proper length, to be deter-, 
mined presently. : 

Now the true pressure curve of the 
arch must satisfy the conditions of art. 
15, ee. 

ZAMa=o0, S}My=o; 
the origin of co-ordinates being at the 
point O, x horizontal, y vertical. 
“$3. We must likewise have for the 
“girder,” since the vertical’deflection of 
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o below the tangent at B is zero, 
2M,.«=0; whence >M,2=0, as in art. 
23. Now M, is proportional to ordinates 
of the type ne=(ve--vn); so that the 
preceding condition may be written, 
E(ve—wn)e=o .. E (ve.2) = (en. 2). 
That is, calling the horizontal distances 
of ¢,,¢,.-, from 0,2,,2,,.., we must have, 
(Bye. FOC yy Ho) = (By, FVM yy Ho) 
It is seen that although v,¢, and v,n, are 
minus, yet x, is also minus (art. 12) so 
that all quantities in the above equation 
may be regarded as plus; so that the 
result is the same if v,¢, and vm, are 
supposed laid off a distance «, to the left 
of N, in the above summation. We can 
* form the above products graphically as 
shown in art. 32, the parallels being 
already laid off, and if the two members 
of the equation are not gqnal, we have 
simply to alter VN’ in the ratio of the 
right to the left members, which thus 
fixes the position of the line NN’. 
Otherwise, by aid of two equilibriam, 
polygons, using ve and wn as forces, 
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(v,c, and v,n, being laid off to left of N 
as above) find their resultants T and R 
similar to T and R of Fig. 6; then if ¢and 
r are their horizontal distances to N, we 
must have, Tt=Rr. If these products 
are unequal, alter VN’ as before. This 
method is best in view of what follows. 
64. For the curve aa regarded as an 
equilibrium polygon, some line kk, pass- 
ing through O must be the closing line; 
the ordinates of the type ka=ba—kb are 
then proportional to M,, so that as be- 
fore we must have the following condi- 
tion satisfied, the quantities all being plus, 
(Bia, +b,0,.0,+- +2) 
=(b,h,.0, +6,h,a, +...) 
These products, except the first, are 
all plus, and may be formed as above. 
Since the effect in the summation is the 
same if we@consider 6,4, laid off, x, to 
left of O, all quantities being plus, we 
can use the second method above more 
easily in this case; for T’/=sum of ordi- 
— bates of type bs, acts in the same verti- 
caf as T, so that if the first construction 
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has been made, we have only to find T’, 
when T’t¢ will be. known. The resultant, 
R’= (4a), acts through the crown, since 
b,4,, b,ty .., ave all positive; the lever 

~ arm of R’ about 0, 7’, equals the distance 
from the center of the span to o. 

We should have, if 4,h, is in its proper 
position, T’t=R’ 7’; otherwise alter , &, 
in the ratio of R’r’ to T’t, to find the 
true position of the closing line kk. 

65. From the condition that the space 
is invariable we have, 

YMy=5(M. —Ma)y=o 
 SMey=2T May; 
the summation being extended over the 
. entire span. 
_ Writing the proportional equation in 
full, we have, in this case, putting 
Y,=5,ty Ys=F,4,) ete., 


(HRY MC, oF Mls HMC Ye 
FR Yo EM la: Yom Mle INL Ys) 


HCY, FBG Yat BG YrF Ra Y, 








+ Ray tba YEG he) 
By way of variety, let us scale off the 
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above distances from the drawing, using 
a scale of 40 feet to the inch. 

On forming the sum of the products 
indicated we have for the ratio, 


= May—= M.y=42 
Therefore each of the ordinates ne of the 
polygon ¢ must be increased in this ratio; 
after which they may be laid off from 
the closing line k,k,, and the true press_ 
ure curve drawn as shown by the dotted 
line ee. 

66. In order to find the new position 
o” of the pole, for the true force polygon 
018 on the left, we draw from the 
assumed pole o’, a line o’P|| NN’, thus 
dividing the load line, 18 into the two 
vertical components of the reactions. 
Then draw the horizontal Po’’ equal to 
the old pole distance diminished in the 
ratio of 15 to 42, giving 0”, the new 
pole, from ‘yLence the pressure curve 
may be tested, or drawn anew having 
one starting point. 

“In altering the. length of lines in a 
—piyen ratio, use may be made of propor- 
tional dividers, for small drawings, espe- 
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cially; or the common geometrical 
method of using two ratio lines may be 
employed, as explained before. 

As a final test of this pressure curve, 
we find by scaling the ordinates, raulti- 
plying, &c., that 2Ma=o, and =My is 
very nearly zero also. The ordinates to 
dotted curve above aa are of opposite 
sign to those below in this summation. 

67. On comparing the above pressure 
curve with that of Fig. 6, we see that it 
departs much farther from the neutral 
line au, though the horizontal thrust is 
much less. The depth of arch ring, 
compared with its span, has been greatly 
exaggerated for usual cases in practice ; 
80 that the point O is generally much 
nearer A. When O is to the right of the 
vertical @,b,, the construction is, more- 
over, slightly simplified, as there are no 
negative ordinates, ¥,%)-%,2, b,k,, or 
abscissas ,, for this case. This is like- 
wise true when O is taken above a. 

For different loading or position of O, 
the form of the pressure curve mawbe_- 
materially altered. 
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For the determination of maximum 
stresses, we have to treat single weights 
28 before, and combine their effects. 

68. Temperature Strains.—A real~or 
virtual alteration of span produces 
strains, similar to those caused bya force 
acting at O along 4,k,; since such a foree, 
whose horizontal component, call H, 
causes moments of the type H.ak at each - 
point @; therefore the condition that the 
vertical deflection of O be zero, =My= 
HE (aky) =o, requires the same closing 
i,k, previously found, the moment at O 
being zero. Calling / the change of span 
due to temperature, compression, &c., 
we have as in art. 55, 

AEI 


HE (aky)= i 


from whence H may be found as before, . 
noting that ak is minus on one side of 
kk, and plus on the other side in the 
summation. 
69. For very flat arches, we may divide 
the span into equal parts, whence the 
coordinates ‘corresponding to M, and M, 
are proportional to the areas of the trane- 


115 


zoids of which they are the medial lines, 
so that moment areas may be employed ; 
which is most accurately done in con- 
neetion with Simpson's rule. The reader 
is referred to Eddy’s “Researches in 
Graphical Statics,” for the most extended 
application to arches of moment areas. 

The reader will do well to apply the 
principles of art. 34, in applying the two 
conditions, SMa=o, YMy=o: especially 
as a new form of equilibrium’ polygon is 
introduced. The results are of course 
the same in both eases. The method of 
that article may be applied to ail the fol- 
lowing cases, 


ARCH HINGED AT BOTH BNDS. 


‘ 70. Let the same arch, fig. 11, be re- 
garded as hinged at O and D, the lower 
edges of the abutment joints. The rexc- 
tions must now pass throggh O and D. 
Having drawn a trial curve ce, extend V., 
to intersection N’’ with the vertical 
through D; the line NN” is the true clos- 
ing line for curve ce. Hence drawinge: 
through O’ aline parallel to it, we divide 
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the load line 1.8 into the two vertical 
components of the reactions. 

To elongate the ordinates of polygon 
¢ to their true lengths, we have the con- 
dition that the span is invariable, 


SMy=2(M.—My)y=o0 
SM gy=2May==3(y); 


the line OD being the true closing line. 
On measwing y=be, at each point 

Gy. ++, and the ordinates proportional 
to M, included between NN” and poly- 
gon ¢, noting that the ordinates atc, and 
€, are negative, and forming the above 
products we find that, 

*M.y_ 31. 

¥ May 103° 
hence we must shorten the pole distance © 
in this ratio, and lengthen the ordinates 
in the inverse ratio, as shown previously. 
The lengthened ordinates from NN’ to 
curve ¢, are laid off from 6,0, giving the 
trne pressure curve, as shown by the 
dotted line passing to the right of the 
fist curve at e, and e, and crossing it 
=~ beat e, and e,. When the hinged, or 
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free to turn, points are at A and B there 
are no longer negative moments at ¢, 
and ¢,. 

71. Temperature strains. The thrust 
or pull H due to temperature &e., can 
only act along OD, giving moments of 
the type H.da; whence Hs3(ba.y) —AEL 
from which equation H may be found on 
substituting the values of 3,3 (ba. y)=108, 

"hand EI as hitherto shown. 


ARCH FIXED AT THE ENDS AND HINGED AT THE 
CROWN. 


72. Let the curve AaB, Fig. 12, repre- 
sent the neutral line of an arch-rib, fixed 
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in direction and position at A and B, and 
hinged, or free to turn, at a point D 
above the crown, in the upper flange 
say, so that the pressure line must pass 
through D. 

Divide the are into 8 equal parts say, 
and draw ordinates through the middle 
of each part ata, @,..,. Lay off the 
loads 1, 2,..., acting at a,, a, on the 
left vertical; assume a pole o and draw 
the equilibrium polygon ec. We have 
caused it to pass through D for conveni- 
ence. If 0é is a trial closing line, for 
the rib acting as a girder, the moments 


at a, d,,., are proportional to 6,¢,,b,¢,, 
Now by arts. 17,19 and 25 we mast 


have, 
D 


. D__ 
= (be) 2 (bem); 
A B 


(D being the origin of co-ordinates, x 
horizontal, y vertical) since the vertical 
deflection of D for the two halves of the 
arch is the same, owing to the hinge. 


The condition above shows that the 
Lica 7 en aang eS ee me 
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tion, that if the ordinates 3, ¢,, b,c... > 
b,¢, are taken as forces acting in posi- 
tion, their resultant must act through D; 
for the left member represents the sum 
of the moments of these supposed 
forces for the left half of the arch, 
which must equal a similar sum for the 
right half of the arch. 

By aid of an equilibrium polygon or 
otherwise, find the position of the result- 
ant of the supposed forces 3,¢,, 6,¢,,.., and 
suppose it to pass through e, to the left 
of the verticle DE. Now lower slightly 
the left end of line 4, 6,; find the result- 
ant of the new forces J, «,, etc., and sup- 
pose it to pass through /, to the right of 
_ E. . If the left end of 4, 6, be now raised 
* in about the ratio of Ey to Ee of the last 
change, its position will be very nearly 
correct. It may be tested, &c. as before. 
Suppose now, that 6,5, is the correct 
position of this closing fine. It is evi- 
dent that it is the best to fix the line 4,3, 
as nearly correct in the first instance as 
possible. A more precise method can be 
given, but the alove is probably* as 
direct as any. 
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73. The closing line 4k of the arc AaB, 
regarded as an equilibrium polygon, must, 
of course, pass through D; and since the 
sum of the moments of ka, k,a,..., to 
the left of D, must equal those to the 
right of D, as for the girder, the clos- 
ing line must be horizontal, since the arch 
is symmetrical about the crown. The or- 
dinates of the type ka are now propor- 
tional to My. 

74. From the third condition, art. 17, 
which sows that the horizontal displace- 
ment of D for both halves of the arch is 
the same, though in opposite directions, 
we haye 


D D 
(Me —Mijy=—- 2M —Ma)y- 


It is plain that if the left member is 
plus, that the sum in the right member 
must be minus, for the bending of one 
half of the arch is different in kind from 
that of the other half; hence we have 
added a minus sign to make the final 
result plus. From this equation we 

“derive * 
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D D Dp OD 
2M,y+ 2M. y=2>May+ 2Muy, 
A B A B 
all ordinates being plus. 

Now M, and Mg are proportional to 
the ordinates of the type bc, ka, respect- 
ively; also at @,, @,).-, 4 has the values k,a,, 
k, Gy... , respectively, so that the pre- 
ceding products are easily found graph- 
ically as in art. 7. 

If the two members of the equation 
are not equal, we must change the 
lengths of the ordinates b,c, 6, ¢, .- . to 
make them so, since the right member is 
constant. This involves an opposite 
alteration in the pole distance. Now 
lay off the altered ordinates from k,,4,, 

_ &e. downwards, to locate the true press- 
“ure curve, as shown by the dotted line. 
, On drawing through o a line parallel 
to b,b,, we divide the load line 1.. 8 into 
the vertical components of the reactions. 
Draw through this point of division a 
horizontal equal to the new pole distance 
to locate the new pole. These last lines 
are not drawn to avoid confusing the fig- 
ure. The pressur® curve may be ttt 
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to see if “My for both halves of the arch 
is the same. We have now the reactions 
in position, together with the pressure 
eurve from which the strains can all be 
found. 

75. Zemperature Strains.—The mo- 
ments caused bya real or virtual alteration 
of span, must cause the same to rise or 
fall at D for one-half of the arch as 
the other; so that &,%,, as previously 
determined from this condition, is the 
line along which the horizontal thrust H 
due to temperature, &. acts. The 
moment at any point as a, is therefore 
H.a,k, We determine H exactly as in 

art. 55, noting that in the second equa- 
tion of that article, that aX and y are | 
equal for this case, the ordinates being 
measured from &,4, downwards. 

On measuring the ordinates of the 
type ka in Fig.,12 to seale, squaring and 
adding, we find the S(ak.y) of art. 55, 
whence the value of H may be found.” 
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ARCH RIB FIXED AT ONE END, AND JOINTED AT 
THE OTHER END AND AT THE MIDDLE. 


76, Let the arch, Fig. 12, be fixed at 
Band jointed at Aand D. This is only 
a particular case of the preceding con- 
struction. Since there can be no bend- 
ing moment at A or at D, the closing 
line 4,4, must pass through these points, 
so that its position is at once given. 
Suppose it drawn, and its intersections 
with the ordinates marked &,, &,,.. . , 28 
in the figure; then we have only to 
determine the new pole distance for 
polygon ¢, with the resulting change in 
the length of ordinates Je. The closing 
line 5, 4, must also pass through D, and 
“©, must coincide with it. 

77. Now the horizontal displacement 
of D for both halves must be the same 
though in opposite directions from their 
abutments; hence the preteding condi- 
tions, that may be written, 


Pp. Dp. J pe 
3 (bay) + 2 (bey) =Z (chy) + = (ahyy 
A B A B ~~ 


eo 
apply, the ordinates 6c and ak being all 
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regarded as plus. (Prof. Eddy, in his 
treatment of this case, takes the differ- 
ences of quantities, proportional to those 
in each member, in place of the sum as 
above. This is plainly an oversight, as 
we see from the connection with the 
preceding case), Proceeding now as 
before we locate the true pressure curve. 

78. The thrust due to temperature 
must act along the closing line k,h,, 
drawn through A and D. Call F the 
inclined force so acting, its horizontal 
component being H. The moment at 
any point @,,is then H. a,f,, or of the 
type H.ak; so that the principles of art. 
55 apply, except that the moments either 
side of the center not being the same, we 
must find the sum of the products of the. 
type (ak.y) for the entire arch, ak being 
of different signs for the two halves of 
the arch. , 

EI 


A 
+ HGhy)= 
. B U 
The ordinates y are still reckoned 


~from the horizontal. through D, one of 
the hinged points, vertically downwards. 
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We find H from the above equation, as 
illustrated in art. 56, from whence the 
strains due to the real or virtual change 
of span / are readily found. 


ARCH WITH THREE HINGES. 


79. In Fig. 18 we have represented 
one of the best forms of arch for short 
spans; for in consequence of its being 
free to turn at three points A, ¢ and B, 
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the upper chord being cut at @, and the 
arch proper atc, there are no strains due 
to change of span, temperature and 
elastic shortening of the arch. Let us 
suppose that the two halves of the arch 
bear at c only. Suppose the right half 
of the’arch to be loaded at the apices 
with the weights 1, 2, 3 and 4, shown on 
the left, due to dead and live load; the 
left half with the weights 5, 6, 7, due 
to dead load only. With an assumed 
pole o, draw the equilibrium polygon 
shown by the dotted line passing above 
d. Now since there can be no bending 
moments at a, ¢ and B, the actual press- 
ure curve must pass through these 
points. Therefore draw a line from o - 
parallel to Av, the. closing line of the . 
trial curve, to intersection with the load 
line 17, and from this point draw a 
horizontal, of a length equal to the old 
pole distance multiplied by the ratio of 
the ordinates 6@ and ac, corresponding 
to the two curves at the center. This 

fixes thé new pole 9’, from whence the 
true curve, passing through A eand B, 
can be drawn. 


r 
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This simple construction has been 
used by Prof. Eddy (see Researches in 
Graphical Statics) for passing a curve of 
pressures through three giyen points of 
a stone arch, as well as for the case 
above. 

80. The pressure curve passé near 
the curved member from A to ¢, then 
keeps below the are to B, for the loads 
assumed. 

For a single weight, as that over apex 

. 2, the pressure curve consists of two 
straight lines;’ one drawn from B, 
through ¢, to intersection with the 
vertical through 2, the other drawn 
from this last point to A, The strains 
. due to each weight may be found from 

- ‘ite pressure curve, and tabulated; from 
whence the maximum strains that any 
member can ever be subjected to, from 
the most hurtful distrikution of the 
load, can be ascertained. 


METHOD OF FINDING THE STRAINS IN THE 
MEMBERS OF ANY ARCH. 


~ 
81. The above figure will aziswer, by 
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way of illustration, for the method to be 
pursued in any arch. Thus, suppose for’ 
any arch, fixed at the ends, &c., or other- 
wise shaped like Fig. 13, that we desire 
to know the stresses sustained by pieces, 
C, D and E, the resultant R=ray 0'67, 
acting tlong the side of the equilibrium 
polygon included between the verticals 
at 6 and 7. : 

Conceive a section, as shown by the 
wavy line, cutting C, D and E. Suppose, 
now, the arch to the right of the section 
removed, and its effect upon the left part 
replaced by forces acting opposed to the 
resistances in pieces C, D and E. 

The part left of the section is still in 
equilibrium. Now, R, acting to the. 
right, is the resultant, in position, of the 
reaction and loads left of the section, 
hence it must be in equilibrium with the 
Jorces applied to the cut pieces, C, D 
and KE, which forces we may denote by 
the same letters as the pieces to which 
they correspond. 

w~- Therefore, the moment of R about any 
point, must equal the sum of the moments 
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of OC, Dand E. Thus, take 6 as a center 
of moments; the moments of E and D 
are zero, hence the moment of C about & 
equals the moment of R, from whence C 
can be found. 

Again, take apex DG as the center of 
moments, we have the moment of E 
equal to the moment of R about DG, 
from whence E follows. 

We see in this case that the pieces C 
and E are in tension and compression 
respectively, since the forces © and E 
must act from and towards the cut pieces 
respectively to cause equilibrium with R. 

It may be observed that when R is on 
the other side of the apex taken as the 
‘center of moments, that the strains 

- caused are of an opposite character, 

The strain in D. can be found by taking 
moments about 7. The moment of R 
must equal the sum of the moments of 
C and D, ete. 

Similarly, if we suppose FE, F and G 
cut, and the part of the arch right of the 
section removed, inqluding the weight at 
GD, supply forces E, F and G, opposed 
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to the resistances in E, F, G; we have 
these forces in equilibrium with the 
resultant of the external forces to the 
left of the section, which is now simply © 
the reaction at B (ray 0’'7 P). With 7 
as a center of moments we find G; and 
with the apex at the left end of G, asa 
center of moments, knowing ‘E, we can 
find F; and so we proceed through the 
arch. 

The well known Maxwell method of 
diagram may also be employed in this casey 
as illustrated by Du Bois in his Graphical 
Statics. 

82. When the flanges of an arch are 
parallel, or nearly so, as usually happens, 
their strains may be determined as . 
above; but the strains in the arch mem- 
bers are now very easily found by decom- 
posing R, for the section taken, into 
components, N and T, normal and parallel 
to the arch at the section. This normal 
component, multiplied by the secant of 
its inclination to the diagonal cut, gives 

eo he strain in the latter. Thus in Fig. 14, 
let R, acting through a, be the resultant 
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of all the forces to the left of the section, 
which must therefore be in equilibrium 
with the forces C, D, C', that are opposed 
to the resistances of the cut pieces. 
Now by mechanics, the algebraic sum of 
-the tangential, components are zero ; 7.0.9 





Fig. 14, 


_C+V—C'—T=o; also the sum of the 
: “normal components; #.e., 5 —N=o, whence 
S=N. 

On multiplying N by the secant of the 
inclination of the diagonal,to the normal, 
or laying off S to scale and drawing V 
parallel to T, we find the strain D in the 
diagonal. _ 

‘83. The method of art. 11 applies here 
also; both methods applying to the solid 
arch with a continuous web. 
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The proper resultant, acting at the 
supposed section, must be carefully 
noted; thus in Fig. 13, when E, F and 
G are the cut pieces, the resultant left of 
the section is the reaction acting through 
B, and not the resultant, 0'67 corre- 
sponding to the next section through EF, 
D and ©, since the weight at CG is then 
included. 

Similarly in Fig. 11, for the case of 
the arch fixed at one end, the resultant 
for a section between A and «,, nod in- 
cluding the load at «,, is the reaction 
passing through O; the resultant for 
any section between «, and a, is ray 
012, acting along ¢, v,, wnd so on. 

It is seen from Fig. 14, that when N 
acts upwards, that’D is compression or 
tension, according as the top of the dia- 
gonal leans to the right or left of the 
normal; the teverse when N’acts down- 
wards. 

84. The position of the live load that 
gives maximum stresses varies for each 

“piece; so that it ir only by computing 
the stresses caused by each single weight, 
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and combining the resulting positive and 
negative strains, that the maximum of 
either kind may be found. As some of 
the positions of the live load may be 
rarely experienced (see “Maximum 
Stresses in Framed Bridges,” by the 
writer, for similar facts in connection 
with simple girders), it is, of course, an 
open question, whether the effect of such 
unusual positions of the load may not 
be included under some _per-centage 
added to usual strains. In all cases, 
however, it is correct practice to ascer- 
tain these max. strains, in order that the 
piece may be designed, so that for no 
loading, the limit of elasticity will be 
“-passed. 


UNSYMMETRICAL ARCHES. 


85. The preceding principles are ap- 
plicable to unsymmetrical arches, as 
where one end of the arch is higher than 
the other, etc.; only thé closing line of 
the arch regarded as an equilibrium 
polygon will not geherally be horizontaly 
but must be drawn, as that in the polygon 
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e due to the loading, to satisfy the proper 
conditions. 


BRACED ARCHES, 


86. The theory previously given is 
nearly correct for the solid arch, having 
a thin plate web (whose effects in cansing 
a flexure is included in the term J), not~ 
withstanding we have neglected the in- 
fluence of the shearing or normal com- 
ponent N, in the formule of art 9, et seg. 

If there are variations in E and I, for 
the different portions of the arch, we 
have seen that such variations are easily 
included in the graphical treatment, 
however difficult this may become in the - 
strictly analytical solution. As a rule, 
however, the flanges, either in the solid 
or braced arch, are varied but little in 
size, except fox very large spans, so that 
E as well as I is generally constant. 
But'is the theory applicable to a braced 
arch, or one composed of two flanges 
vith diagonal bracing? Since we cannot 
include this bracing, ordinarily, in the 
term I, its influence in causing bending 
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deflection is neglected. In fact the 
strains on the diagonals are caused en- 
tirely by the normal components which 
are disregarded. The question then is 
the following: Is the total change of 
inclination of the tangents between any 
two points of the arch, or the relative 
displacements of those points, materially 
. influenced by the web of the braced 
arch ? 
Charles Bender, C. E., has given, No. 
26 of Van Nostrand’s Science Series, an 
analytical treatment of the case of the 
deflections of a straight girder (simple 
or continuous). From his eq. 3, p. 82, 
we find, on substituting the values of 
“V\ Vy ++, that the influence of the web 
. in causing a change of inclination of end 
tangents is very small. This is approx- 
imately true for arches—flat arches 
especially. From eq. 4 p. 84, how- 
ever, we see that angle x involving the 
deflections of a cantilever beam és in- 
fluenced by the web. We should expect 
the same in an arc, It is easily prove 
by a careful construction thus: draw the 
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arch with diagonal bracing, then start- 
ing at any apex construct the arch 
as changed from the tensions or com- 
pressions of its members, finding each 
successive apex in turn. If the shorten- 
ing or lengthening of the pieces is exag- 
gerated, we have an exaggerated view of 
the deformed rib. Now, if the same con- 
struction be used when the diagonals are 
supposed unaltered in length, it will be 
found that the deformed rib differs 
materially in position from the first, and 
the niore so the greater the depth of arch. 

Stoney (“Strains in Girders,” Plate 1) 
has given a similar construction for a 
straight truss, The difference in posi- 
tion of the two deformed girders, given ~ 
by him in Plate 1, may be taken as a 
partial illustration of the bent arches 
given above. As a particular case, the 
pressure curvé was assumed to pass 
through the apices of the lower flange, 
so that the change in.the top flange was 
zero. The diagonals are also under no 
Strain or very little.r The exaggerated 
figure of the arch was then drawn; also 
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‘ 
the figure when the diagonals are sup 
posed alternately lengthened and short- 
ened, about one-third the corresponding 
change in lower flange. 

The depth of arch was taken at about 
one-seventh of the radius; the half cen- 
tral angle being 724°, the semi-arch 
being divided into five panels. The 
‘departure from the free end was about 
4 greater for the case where the change 
in the diagonals was considered—cer- 
tainly a very large increase to be ne- 
giected. . 

It is to be observed, however, that the 
pressure eurve is variously inclined to 
the neutral line, and that the influence 
‘of the web when N acts up, is the oppo- 
‘Site of that when N acts down; so that 
the error made in neglecting the web's 
influence may ultimately be small in con- 
sequence of this partial “balancing of’ 
errors. 

Again, if the sections of the web mem- 
bers are very large compared with usual 
strains, their altera4ions in length and” 
influence in causing deflection becomes 
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smaller in inverse proportion to the size 
of the pieces. 

In the ease of bridges with flat arches 
and small depth of arch ring, the influ- 
ence of the open web diminishes greatly; 
but an actual construction for each case 
can alone determine the amount of error 
involved, which may thus be easily in- 
eluded in tlie factor of safety. For deep 
arches with small radius, however, such 
as some roof trusses, it is best to use a 
solid web; otherwise the theory hitherto 
given may not be applicable, and the 
strains become indeterminate. At any 
rate, it is well to test the influence of 
the web, for any design, by an exagger- 
ated construction of the deformed arch. 
in order to inelnde the error made under 
a proper factor of safety. 

This objection dves not apply to the 
braced arch with three hinges, since the 
theory of elasticity is not involved in 
establishing its true pressure curve. 

“87. The theory of elasticity is applica 
‘ile, though in different degrees, in obtain- 
ing the trne pressure curve, to «di struct- 
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ures resting on two supports when a real 
or virtual change of space is considered. 
Thus, consider any form of girder or 
roof truss that fits perfectly when laid 
flat on its side, not then being subjected 
to any strain, When erected in place 
and the supports removed, the tendency 
is to push the abutments further apart, 
due generally to she compression of the 
upper members and the tension of the 
lower ones If one end of the truss is 
on rollers, it slides, and the reactions aye 
more nearly vertical, the smoother and 
more perfect the rollers or other device 
used. But if we suppose the abutments 
_ fixed in position, the reactions have to be 
‘determined by the condition that “the 
span is invariable.” Even in a straight 
girder, where the lengthening of the 
jower chord is in part taken up by the 
curvature, the reactions” are inclined. 
slightly inwards; thus decreasing the 
strain in the lowest chord, whilst not 
adding to the strain in the upper chord. 
This lengthening ofthe span is thus or 
the side of safety, whether produced by 
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the elastic elongations of the parts or by 
arise of temperature over that at which 
the parts are fitted. 

A fall of temperature, on the other 
hand, may cause the reactions to incliné 
outwards. 

Now, this tendency to a change of 
span is much greater in some structures 
than others, particularly in those of the 
abutting class. Thus, take the very 
graceful “crescent roof truss” with diag- 
onal bracing: if one end rests on rollers 
it will practically act as a girder having 
vertical reactions; otherwise it becomes 
a braced arch, and its pressure curve is 
to be determined by previous conditions. 
The flanges in this case not being par- 
allel, the formule of arts. 9-20 no longer ~ 
apply. : 

Bow, in his “Economics of Construc- 
tion,” has calléd special attention to the 
above facts. On page 86 he gives an in- 
teresting method of finding the ¢rue re- 
actions of a roof truss whose parts have 
‘Deen changed in length, due to the elas- 
ticity of the material. Thus, to take one 
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case: Draw the diagram of forces for 
the reactions vertical, and compute the 
change of span, 4s, due to elasticity on 
the assumed sections. Next, find the 
change of span, Js’, due to an assumed 
horizontal thrust, H. Since this change 
varies directly with H, we may now alter 
Hin the ratio of 4s to Je’, so that the 
total change of span is zero. The true 
reaction is compounded of the last 
value of H and the vertical reaction. 
Similarly, if the change of span is not 
zero, the final value of H must be such 
that 4s—As'=assumed change of span. 

It is suggested that the change of*span 

due to elasticity can be readily found, as 
explained in the precedirlg article, from 
* an exaggerated drawing of the deformed 
structure, 

When the truss rests upon high, nar- 
row abutments, their yielding is an un- 
known factor, so that it is well in such 
cases not to use a structure having much 
tendency to a change of span. 


SUSPENSICN SYSTEMS. 
88. The theory hitherto exposed is 
equally applicable vaken the arches ara, 
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suspended from the supports, the strains 
being changed in kind only. The sus- 
pended arch with three hinges has been 
lately used, and is peculiarly suited to 
overcome that want of rigidity observ- 
able in ordinary suspension bridges, 
besides being readily analyzed. 

ARCHED ROOF- TRUSSES. 

89. The arched roof truss is more 
especially adapted to large spans. In 
this investigation, the flanges will be 
supposed concentric or parallel, so that 
the conditions of art. 9 et seg. apply; 
more especially if the web is solid or 
Jatticed, and approximately for a more 
open web. , 

When the weight of the’ structure, 
with any vertical loading, as snow, alone” 
is considered, the analysis falls under 
that already given. If in addition, how- 
ever, the wind is supposed to blow on 
one side of the structure, the case 
-becomes one of oblique forces and is. 


more difficult of solution. : 
“90. If we suppore the wind tc blow 


horizontally with a force P against a 
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square foot of vertidhl plane, the experi- 
ments of Hutton go to show that the 
normal pressure on a square foot of 
roof surface inglined at an angle ¢ to the 
horizontal equals 
% N=P sin i} Steoe.t-1 
More extended experiments are needed 
to verify this formula; but assuming it to 
» true, we have—taking P=40 lbs. per 
stuare foot, as the greatest intensity of 
the wind in a horizontal difféction likely 
to oceur, the following values .of N in 
pounds for different inclinations of the 
roof surface, taken from Greene's Roof 
Trusses: 








t N | é N t N 
5° | 5.2 | 25°] 22.5 | 45° | 36.1 
10 9.6 | 30 26.5 50 38.4 
1 | 14. 35 30.1 | 55 39.6 
20 | 18.3; 40 33.4 60 40: 





For steeper slopes N is 40 lbs. 
91. Let [ACB, Eig. 15, represent the 
neutral line of a pointed roof truss; the 
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are AC being described with a center d, 
the arc BC with a center d’. In this fig- 
ure each half are-is divided into 16 equal 
parts and ordinates. drawn through the 
center of each division. 

Assume the slope of roof i, on each di, 
vision, to be that of a tangent to the cen- 
ter of each division, then the force of 
wind on the 15th division, inclined 80° 
to the horizon, is'40 Tbs., and it acts in 
the direction of the radius 15,d. Hence 


lay off Wm on the radius produced equal 
to 40 Ibs, multiplied by area of division; 

if dn represents the weight of one divis 

ion of roof, nm is the resultant oblique 
force acting at the center of division 15, 
through which a line is drawn parallel to’ 
nm. The weight of each division, in- 
eluding purlins, sheeting, snow, &c., 

does not generally act through the cen- 
ter of the division of the neutral line; 
hence it is most accurate to combine N, 

with the vertical load acting through its 
center of gravity; so that the oblique 
line just drawn will Be moved slightly to 
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the left. The subsequent constructions 
are the same in either case. 

92. Proceeding in this manner for each 
division, values of N being interpolated 
from the table, when necessary, we next 
lay off on a force diagram on the left, 
beginning at e, the forces 1, 2,..., act- 
ing at the center of divisions 1, 2,..., 
in order and parallel to their directions. 
Similarly, on the vertical through e’, lay 
off the equal weights on the divisions 
from C to B in order. 

(The forces are here laid off to a small- 
er scale than that to which imwas 
drawn, for convenience). 

The lines ¢7' and e’f’ represent, there- 
“fore, the intensity and directions of the 
‘ resultants of the forces just found from 

C to A and from C to B respectively. 

The position of these resultants P, and 
P, are found as follows: The line eCe’ 
was drawn in the first instance passing 
through the crown, at about the inclina- 
tion it was thought the pressure curvg 
would have there. “Hence, assuming O 
and 0", equally distant from e and e’, 
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as poles, draw the pressure curves for 
the left and right halves of the arch 
respectively, starting at ¢ with the as- 
sumed inclination of the thrust there, 
The curve on the right is drawn as usual 
and needs no explanation. It lies very 
near the neutral line at first and then 
passes above it. On prolonging the last 
side to intersection E’ with Ce’, we find 
the position of the resultant P, of the 
forces on the right half of the arch. 

For the left side, we extend Ce to 
intersection with force acting at 1, then 
draw a line || ray 12 to force at 2, then a 
line || ray 23 to force at 8 and ‘so on. 
On prolonging the last side to E, we 
have EP, || ¢/the position of the result-. 
ant P,=ef of the oblique forces acting . 
on the left half of the arch. If, this 
were the true pressure curve, this “last 
side” would represent the reaction at A, 
which produced to fntersection E with 
the thrust at © gives one point of the 
-resultant P, as stated. — 

, 93. It is evident -thatiso long as the 
loading remains the same that the_posi- 
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tions and magnitudes-of P, and P, 
remain the same for any pressure curve. 
It is now very easy to find the reaction 
at A in order that a pressure curve may 
pass through the three points A, C and 
B. Thus call the vertical and horizontal 
components of the reaction at A, V and 
Q respectively. On equating the mo- 
ment of V with that of P, and P, about 
B, we find V 


o VAB=P,p, +P, Pp 


calling p, and p, the length of perpendic- 
ulars from B upon P, and P, respect- 
ively. 

This supposes B to be at the same 
level as A, otherwise Q will have a 
moment about B. If P, is decomposed 
into vertical and horizontal components 
_ at the level of B, the term P,p, may be 
replaced by the product of its vertical” 
component by its horizontal distance to 
B.. To find Q take moments about the 
crown of the fogees to the left of ait. 
Thus calling the length of the perpen- 
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diculars from C to P, and AB, ¢, and h 
respectively, we have, 


gr=vAP_pe 
from whence Q is found. 


Laying off, now 7y=V and gD=Q, we 
have D as the new pole on the left, On 
drawing e'D’ parallel and equal to eD, 
we have D’ for the position of the new 

' pole for the forces acting on the right 
half of the arch. ; 

The direction of the pressure at C is 
the line FcF" parallel to eD or e'D’. 

Starting at C we draw the pressure 
curve as before. It is shown by the 
dotted line passing through A, C and B. 

It is well to test the computed values | 
of V and Q, before drawing the pressure 
curve, by drawing through A and B lines’ 
parallel to 7D and /'D’. If these lines 
Antersect, FF’ at the same points F and - 
Ff" with P, and P,, the poles D and D’ 
have been correctly found. 

94. The above pressure curve is the 
true one for the roof triss hinged at A, C 
and B. 
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When the arch is not hinged at the 
abutments, the pressure curve will not 
generally pass through points at the 
same level at the springings. Thus sup 
pose B of the new pressure curve to lie 
above A,.and the point C to one side of 
the crown, and let it be required to pass 
a pressure curve through the new posi- 
_tions of A, B,C. First find the result- 
ants (which call P, and P, as before) of 
the loads left and right of © (new posi- 
tions of A, B, C, are intended in what 
follows). This is easily done by pro- 
dueing the proper sides of the equili- 
brium polygon to intersection, &c. 

Denote the lever arms V, P, and P, 

_ about B, i, p, and p, respectively, the 
lever arms of V and P, about C, ¢ and ¢, 
respectively. The vertical distances of 
C and B above A are / and b respective- 
ly. Taking moments now about B we 

~ have, ‘ 7 

Vi=P, p, +P, p,+ Q ; 

Again, taking moments of the forces to 

the left of C about,C, we find, 7 


Ve=P,o, + Qh 
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Eliminating Q from these equations, we 
get, 


Va ARO OO) FE Pall 


Having found V from this equation, 
we can deduce Q from the preceding 
equation, and then proceed as before to 
draw the pressure curve through the 
assumed points A, B and C. 

These formulae may also be employed 

‘in the case of a tunnel or culvert arch 
acted upon by oblique forees on both 
sides, See other formulae in “Voussoir 
Arches,” art. 63. 

95. Recurring to the pressure curve 
ACB, having the poles D and D’, we have 
the Lending moment about any point on. 
the, neutral axis between 4 and 5, say, 
equal to ray D 45, measured to the scale 
of force multiplied by the perpendicular 
distance from the point to the resultant 

“acting along the side 45 of the pressure ’ 
line. 

. This moment is also equal to the hori- 
zontal component, HY’ of ray D45, multi-" 
plied by the vertical distance v from the 


(161 


point to the resultant. This is evident, 
if we decompose the resultant at a point 
of its line of action vertically over the 
point taken in the neutral axis, into ver- 
tical and horizontal components. The 
latter alone causes a moment about the 
point equal to H’y as stated. 


It is well to note that vis not measured - 


. necessarily to the pressure curve, unless 
the resultant happens to act along the 
side vertically over the point. Ata point 
where a force acts, a8 the one marked 4 
of the neutral axis, the bending moment 
may be found by taking the moment of 
the resultant acting either side of the 
force. In this case if the resultant 
(ray D45) to left of force is taken the 
-moment=H'v, v being the vertical dis- 
tance above 4 to the side of the pressure 
line between forces at 4 and 5, produced. 
As the oblique forces aye iticlined in- 
wards, it is seen that if we measure the * 
distancés v from 1, 2, .. . to the pressure 
line as usual, that when the pressure line 
is above the neutral line, H’ must he 
taken as the horizontal component of the 
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resultant acting just to the right of the 
force acting at the point taken; other- 
wise, when the pressure line is below the 
neutral line, H’ corresponds to the re- 
sultant acting just to the left of the 
force. 

Thus at 4, use the ray D384, at 13, the 
ray (D13, 14), in evaluating H’, v being 

” measured vertically from 4 and 18 to the ; 
pressure line. As usual, v is + when 
aboye the neutral line, — below it, in 
finding >My, ete. 

96. For the arch hinged at the ends, 
but continuous ut the crown, we have the 
conditions (E, I and s being constant) 
that the span is invariable, 

.. 2My=O 
' The moments M to the left of © aré of ' 
the type H'v H’ and v both being va- 
riable; to the right of C, M=Hyz, v alone 
being variable, H representing the con- 

«stant pole distunce from D’ to force line - 
ef’. 

The ordinates y are, of course, meas- 
ured from AB to the neutral line of the 
rib; and in the sunfmation, v will be 
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taken as plus when laid off above the 
neutral line, minus below it, since the 
moments M have different signs on oppo- 
site sides of the neutral line. 

97. It is seen by inspection that the 
pressure curve passing through A, Band 
C must be raised at C to satisfy the eq. 
=My=0. Hence, a trial pressure curve 
was drawn, passing through A and Band 
a point about y; of an inch above C. 
Now measure to some scale (40 was 
used) the values of H’, v and y for each 
point 1, 2,..., for both halves of the 
arch and compute SMy=2ZH'zy. It is 
found to equjl in this case —1000. The 
curve should be raised slightly at the 
crown. 

‘. Now if we suppose applied at A a 

horizontal force Q’, and at B an equal 
force Q’, opposed to the other, we do not 
disturb equilibrium. The moment M’ at 

. any point of the rib whosé ordinate is y, , 
due to Q’ is Q'y. 

Now, if for an assumed thrust Q, we 
find that SM'y= 2Q'y’= +1000, it fol- 
lows that by combining Q’ with the ™- 
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* 
actions previously found at A and B and 
_drawing a new pressure curve, that we 
shall then find the resulting SMy=O, 
since the moments caused by the result- 
ant reaction must equal the sum of the 
moments caused by its components. To 
find Q’, we have simply to compute 
2(y*)=1500 in this case; then since 
Q'2y'= >My (first found) 
it follows that 1500Q’=1000 ... Q’=4. 
This acts outwards in this case, since 
the curve has to be raised; hence lay off 
Q=4 from D in the direction Dy to find 
the true pole for the force polygon at 
the left, from whence the new position 
of D’ is found as before, and the press- 
ure curve drawn as usual, 2 
If the first SMy. had been positive, 
then Q would act as a:thrust, and the 
pole distance would be increased. : 
It is perceived that the vertical com- 
‘ponents of the reactions remain un- * 
changed by the alteration in Q, as in 
fact follows from the preceding formula 
for ‘computing V, in which no term 
involving Q occurs. © 
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The true pressure curve, for the arch 
hinged at the ends, is shown by the full 
line in the figure, passing through A, B- 
and a point nearly +45 inch above C. 

It is seen that this case offers no 
difficulty. 

98. A tentative solution has been given 
by Wm. Bell, C. E. in his paper on . 
“Rigid Arches, &c.,” (see Van Nostrand’s 
Magazine for May 1873), where the 
reader will find another method given of 
finding the reactions for a pressure 
curve assumed to pass through three 
points; also the graphical” computation 
of the wind forces, according to the law 
of “the square of the sines.” 

_ In drawing the pressure curve for the 
arth “fixed at the ends,” Mr. Bell has 
throughout neglected the condition 

Me=o, which, thus far, invalidates his 

results. The reader is referred to his 
. paper for the case of the “rigid archa 
braced” on the supposition of hinged 
joints; which, even for straight rafters, 

represents the true pressures and mo- 
ments at any poin? of the rafter for con- 


~ (156 


tinuous loading, which is not so clearly 
seen when, as is usual, the loads are sup- 
posed concentrated at the apices. The 
writer has also illustrated this point in 
Science Series No. 12, Fig. 17. If the 
loads are supposed concentrated at the 
apices, the longitudinal strain at the 
,middle of the division of the rafter only 
isthe same as that found from the con- 
sideration of continuous loading. ' 

The bending moment there is, of 
course, the same, whether found graphic- 
ally or computed for an inclined beam 
supported at the ends and continuously 
loaded. 

Eyen for the case of curved rafters, 
the Jongitudinal strains, acting in the 
straight line joining two apices, dte 
to the supposition of the loads being 
concentrated at the apices, may be found: 
by the simple diagram of forces. Tho 
éotal strain at the center of the division 
of the rafter is then due to this strain, 
acting with its leverage to the neutral 
line, and the moment caused by the con- 
tittuous loading on thetpart of the rafter 
considered “supported at the ends.” 

~ 
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The supposition of hinged joints is 
not exactly realized for curved or straight 
rafters, however. 

99. Arched Roof Truss, fixed ct the 
ends, continuous at the crown. 

The strains due to vertical loads may 
be found as hitherto illustrated in Fig. 6. 
An exact solution of the strains caused | 
by the wind, is obtained by considering 
the wind force acting at each point sepa- 
rately. The case then becomes identical 
with that of an unsymmetrical arch acted 
on by a single vertical load, the arch 
being supposed tilted up at one end 
until the wind force, at the point taken, 
is vertical. The ordinates y must now 
be drawn parallel to the direction of the 

* wihd force (some of them may pass out- 
side the arch), to the line joining the 
ends of the arch, which is taken as the 
axis of w. 

. The conditions, ZM=0, >Mr=o,n 
2My=o, must be fulfilled, as’ is readily 

shown by the reasoning of arts. 12, e 

seg.; the first- condition indicating that 
the tangents at the ends are fixed in po- 
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sition, the second and third, that the dis- 
placements of one end, relatively to the 
other, in directions perpendicular to a 
and y respectively, are zero. 

The construction is now proceeded 
with as shown by Fig. 6, except that the 
closing line 4,4, of the arch is no longer 

parallel to the axis of x, but must be de- 
termined precisely as shown for curve p 

100. The general demonstration of 
art. 34 is especially useful here in indi- 
cating precisely the steps to take, as 
some of the ordinates, passing outside of 
the arch, appear to produce abnormal fea- 
tures. 

Now it will doubtless be considered 
too tedious in practice to consider each 
wind force separately, hence a meth6d 
that will give the strains due to wind 
force nnd vertical loading both, at one‘ 
operation, is especially desirable in a prac- 
ical point of view. There are consider- 
able difficulties in the way of an exact so- 
lution; but it is believed that the meth- 
od given below, which leads by one or 

” two approximations to & result very near 
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the truth, is’ sufficient for the needs of 
the practitioner, especially in view of the 
fact that the theoretical conditions are 
not often realized in putting the struc- 
ture together. : 

These conditions are—that the parts of 
the arch fit perfectly when under no 
strain, the fitting being tested by put- 
ting the parts together so that the arch 
lies horizontally, or on its side. 

Again, the abutments should be con- 
nected with the arch by bolts; and should 
be so heavy that the bending moments 
at. the feet of the arch will cause no ap- 
preciable rocking in them. 

It is likewise a known fact that the 
wind pressure is greater as we ascend, 

. especially if there are obstructions to its 
course near the base of the structure. 
Mr. Bell, in his attempted analysis of the 
roof of St. Pancras Station, has neglect- 
“ed the wind force near the abutments; 
possibly from the cause mentioned, 
though mainly, I presume, in conse- 
quence of the increase of section towards 
the abutments due to vertical walls, with 
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a sort of spandrel filling between .them 
and the arch proper, as well as the intro- 
duction of doors and windows in the 
part.considered. . 

By neglecting the wind force on the 
lower part of the arch in the construe- 
tion below, we are led to a more rapid 
approximation to the true pressure 
curve, so that it is in the line of simplicity. 

101. Let us ftake A (Fig. 16, see 
plate) as the origin of co-ordinates, x 
horizontal, y vertical. The true pressure 
curve for the arch fixed at the ends must 
then satisfy the conditions, 

<M=o0, SMa=o, SMy=o. 

These conditions may also be written . 
(art. 95), " 
<(H'r)=0, 3(H'va)=0, S(H'vy) =o. : 

Now let us draw a trial pressure curve 
as near the true one as possibly can be es- 

* timated. Thereisno guide from previous’ 
examples, as this case has never been cor- 
rectly solved hitherto, but we may infer 
from the preceding gqimtions, that the 
true pressure curve must cross the cen- 
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ter line several times, and, moreover, 
must depart from it more on the left 
(H’ being less) than on the right half of . 
‘the arch. 

The first trial curve was drawn through 
e,e' and a point slightly below the 
crown, as shown by the dotted line (on 
divisions 7 to 12 the curve coincides 
- with the neutral line of the arch), the 
poles being O and 0’. * Call the constant 
pole distance for the right half of the 
arch H, the horizontal component of the 
resultant at any point of division on the 
left half of the arch H’, and the ratio of 
H’ to H, @. © 

If we denote the vertical ordinates 
‘from AB to the arch and trial pressure 
curve, by y and y’ respectively, we have 
at a point on the left of the center, 

M=H'v=HOy'—y) 

It is sufficiently near to measure y’ to 
the equilibrium polygon simply (and not 
to. certain resultants produced as ex- 


plained in art. 95) for the first construc- 
tion. i 


102. The first two conditions above 
’ Secome,- 
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=H(y'—y)=0, 
LO(y'—yje=03; 
the summation being extended over the 
entire arch, @‘being, of course __ ity for 
the right half of the arch. 

Next diminish the ordinates. y and y’ 
at each point of division on the left of 
the arch to Gy and 6y’', using the value 
of 9 corresponding to the point, and lay 
off the altered ourves as shown in Fig. 
17, the right half of the arch, &e., being 
the same as before. The values of H’ 
are readily found by measuring, to scale, 
the horizontal distances from the points 
of division of the force line to a vertical 
drawn through O. The altered lengths 
may be easily found by a slide rule or by,- 
the usual ratio lines. : 

*103. Let us denote the ordinates from 
a straight line 4,4, (Fig. 17) to the alter-' 
ed curve of the neutral line by a, and 
draw 4,4, 80 that Su=o0, Zaw=0. Thé 
construction is similar to that used in 
‘finding the closmg une mm’ of polygon 
p in Fig. 6. 

If we denote the ordinates from kk, 
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to the pressure curve by ¢, the above 
“etjuations become, 
2(Ay' —Oy)= 2 (e—a)=0 
. B(Gy' —Oy)e=2(e—a)a=o 
‘Now since Sa=o, Sax=0, it:follows that 
when the pressure curve is adjusted to 
its right position that Se=o, Ze#=o 
also. Therefore, calling the ordinates - 
_ from a straight line m,m, to pressure 
curve, c', mm, being so drawn as: to 
- satisfy the conditions Se’ =o, Sc'a=0, we 
now conceive my, placed over &, &, and 
the ordinates c’ laid off above and below 
kk, to the true position of a pressure 
curve c, whose ordinates now satisfy the’ 
conditions 2(c—¢)=0, 2(e—a)a=o. 
104. We have now introduced one 
approximation, viz: that the ordinates 
of an equilibrium polygon, due to 
‘oblique forces in part, are unchanged in 
length by the particular-position of the 
” pole, so that it lies in the same vertical.” 
This would be correct if the vertical 
reactions at the abutments of a supposed 
girder, acted Gh by the same external 
forces, were always found in the same 
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vertical, since the bending moment at 
any point is then constant and equal to 
H'y", y" being the ordinate from the 
closing line to the curve. It's evident 
that since H’ is constant, that y'’ must 
also remain the same for any pressure 
curve drawn with the same pole dis- 
tances. . 

In this case, however, the point e will 
move along the inclined force at 32 
(Fig. 16), as the pole o is moved up ‘or 
down vertically, so that the vertical com- 
ponent of the reaction will not remain in 
the same vertical, therefore the moment 
is not constant. Still the result will not 
vary much from the truth, and would be 
exact, so far, if the wind forces near A .- 
were discarded. 

105. We come now to the third eondi: 
tion, SMy=o 
» B0(y'—y)ymo=2Gy'—Oyy=o 

°  Z(c—a)y=o, 
or - xey=Zay, 

e representing the ordinates from m,m, 
tor dotted curve Fig. we a the ordinates 
from h,&, to curve @ Fig. 17. 

e ° 
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Find Sey and Xey asin Fig. 7. This 
eonstruction is readily made on Fig. 17, 
by drawing horizontals through the tops 
of the ordinates y for both halves of the 
arch, laying off the ordinates ¢ and a as 
forces on a horizontal, and proceeding ex- 
actly as in-Fig. 7. If the above equality 
does not hold, change the lengths ¢ in 
the ratio of Zcy to say to cause the 
equality, and lay off the new values of ¢ 
above or below 2,h, (the ultimate posi- 
tion of m,m,) at several points. “The 
curve so drawn crosses curve a at points 
corresponding to those marked 12 and 
26 in Fig. 16, c’ being a third point in 
the proposed pressure curve, wyich may 
now be drawn through c’ 12, and 26 of 

“Fig? 16, as shown by the dotted line 
* passing a little above A and the crown 
of the arch, and through the three points 
mentioned. This curve is described with 
:the poles D and D’, and is evidently very 
near the true one, since the pole distances 
have been but slightly changed. If, 
starting with thjs curve, with the new 
values of H’, &c., we repeat the preced- 
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ing construction, it is plain_ that the 
resulting pressure curve will be still , 
nearer the, exact one, and will probably 
differ from it by an ineppreciable 
amount, practically considered. On this 
small scale it is of course useless to make 
the second construction. The result is 
readily tested from the given conditions- 
The first construction would be the 
correct one if the ordinates ¢ could all be 
changed in the same ratio due to a 
change of pole distance (as. for vertical 
forces), but this not being exactly true 
for the left half of the arch, a change in 
pole distance altering the ratios 6 like. 
wise, 8@ that the positions of 4,4, and 
myn, would not remain the same, it is, 
evident that the true pressure curve is 
not exactly found. The smaller the 
wind. forces, compared with the vertical 
loads, the nearer the first approximation 
‘to the truth. It wonld seem that 
the best result is obtained, by passing 
. the ‘inal pressure curve through the 
_ points: of intersectiow (12 and 26) of 
curve ¢ with a Fig. “17, m, m, coinciding 
with 4,%,, as wgs done ga this case. 
a 
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106. The position D of the pole may 
be found very readily in a tentative way 
thus: let it be required to pass a curve 
of pressures through c’, 26 and the point 
over the crown shown by the upper 
dotted line. By producing the sides 
16-17 and 26-27 of any pressure curve to 
intersection 6 Fig. 16, and drawing a 
line parallel to the resultant of the forces 
from-the crown to 26, as obtained from 

‘ the force line on the left, we have this 
resultant, which pases through 4, deter- 
-mined in position and direction. 

Now draw some line dd’, supposed to 
‘have about the position of the side of 
‘the equilibrium polygon at the erown, to 
_interseetion @ and d’ with the resultant 

just drawn and thé resultant of the loads 
” to the right of the crown. Then through 
the lowest point of the force line on the 
right draw e’Dj[c'd’, on the left draw ray 
“26-27 || 36.0. 

Now from the tops of each force line 
draw lines parallel to dd’ Tg these lines 
intersect the rays previously drawn, ia 
points D and D’, the distances cut off 
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reing the same, then the lina dd’ was 
correctly located. Two or three trials 
generally suffice to establish the poles 
correctly. To pass the curve through 12 
26 and c’, we find the resultants either 
side of 12 and proceed as before. It 
will be found best, in this case, to lay off 
the forces on one force polygon, in place 
of two as hitherto. It may be observed, 
however, that in a large drawing, eépeci 
ally, it is a great convenience to have the 
force polygons, as in the figure, directly 


over the part of the arch to which they 


apply. ; 
107. The method of drawing the 
pressure curve detailed above possesses 


the merit of simplicity, but it is nog so; 
accurate as the one given in “Vousscir . 


Arches,” art. 67, since any error made— 
and some error is incident to any con- 
struction—is carried on, which is not the 
case in the following method. - 

At each point 1, 2,..., 32, resolve the 
load into vertical and fiorizontal compon- 
ents; find the momentt’ about the crown 
of each component. Now if we consider 
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any number of consecutive loads from 
the crown towards either abutment, we 
have only to divide the sum af the 
moments of the vertical components by 
the’sum of those components to find the 
distance to the resultant of the vertical 
components from the crown, which lay 
off. Similarly find and lay off the ver- 
tical distance below the crown of the 
horizontal components. Now on draw 
ing a vertical through the first point 
found and a horizontal «through the 
second, their intersection gives a point 
—in the resultant of all tHe loads acting 
on the part considered, which can now 
be drawn in position parallel to the 
+. proper direction taken from the force 
. Gagram. 
Thus we may find the resultant of all 
the forces acting from the crown to 26 
inclusive, as shown by the arrow passing 
“through 0. ; 7 
If the direction -of the thrust dd’ act- 
ing at the crown {3 given, as well as its 
position from its” intersection d with the 
resultant just found, we have simply to 
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draw a line |ray D 26, 27, to find the cen- 
ter of pressure at 26, or more accurately 
“apccking, abeat midway between 26 and. 
27. The same method applies to each 
division in tum. On the right half of 
the arch the construction is simpli- 
fied, since here we only. have vertical 
forces. 
If this method is not pursued, then 
the positions of P,, P,, ete. (Fig 165), 
should be found by at least two inde- 
pendent constructions, whence the true 
positions of the centers of pressure at 
the abutments may be at once found,- 
from an assumed thrust at the crown, 
thus affording a check upon subsequent 
constructions. - 
108. It is evident from the considera- 
tions of art. 35 et seg. that the pressure 
curve of an underground voussoir arch is 
identical with that for the solid arch, 
when no joints tend to open and the 
mortar is thin and hard. Since in this 
ease there are horizoutal forces on both 
“sides of the arch, the pressure curve will 
depart from the cenver line about the 
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same distance on eithe.\side of it at the 
points of maximum departure, / 

109. When BT is not constant for the 
éntive argh, the term @_may b% taken to 


1 


represent a (see art. 41), when the 


construction will proceed as before, the 
proper values of @ being computed for 
each point of division of the arch. 
| The strains due to change of span, 
temperature, ete., are readily and correct- 
‘ly computed as hitherto explained. It ig 
evident, therefore, that if the arched roof 
truss is built in accordance with the hypo- 
theses, that the strains, due to whatever 
causes, may all be found, 
110. It is seen from the foregoing how 
wei adapted the graphieal method is to 
the investigation of the strength and 
Stability of every form of arel’—many 
forms being almost intractable by ordi- 
nary ‘analysis—presenting likewse the 
great advantage of kéeping prominently 
before the worker. the very hypotheses 
upon which the theory is built. ~ 

If the -writer har. added materially fo: 
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the knowledge <n the subject of the 
“Solid or Braced Elastic Arch,” or has 
aided the student in its comprehension, he 
feels amp!x repaid for the time spent. in’ 
developing: the foregoing theory. 





